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Abstract. This article deals with two main topics. One is odd parity trace anomalies in
Weyl fermion theories in a 4d curved background, the second is the introduction of axial gravity.
The motivation for reconsidering the former is to clarify the theoretical background underlying
the approach and complete the calculation of the anomaly. The reference is in particular to
the difference between Weyl and massless Majorana fermions and to the possible contributions
from tadpole and seagull terms in the Feynman diagram approach. A first, basic, result of this
paper is that a more thorough treatment, taking account of such additional terms and using
dimensional regularization, confirms the earlier result. The introduction of an axial symmetric
tensor besides the usual gravitational metric is instrumental to a different derivation of the
same result using Dirac fermions, which are coupled not only to the usual metric but also to
the additional axial tensor. The action of Majorana and Weyl fermions can be obtained in two
different limits of such a general configuration. The results obtained in this way confirm the
previously obtained ones.
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1 Introduction
This article deals with two main topics. One is odd parity trace anomalies in chiral fermion
theories in a 4d curved background, the second is the introduction of axial gravity. The first
subject has been already treated in [1, 2]. The second, to our best knowledge, is new. The
motivation for reconsidering the former is to clarify the theoretical background underlying the
approach and complete the calculation of the anomaly, also in view of more recent results,
[3]. For some aspects of the calculations in [1, 2] were left implicit. We refer to the possible
contributions from tadpole and seagull terms in the Feynman diagram approach used there.
Here we treat them explicitly. In this paper we use dimensional regularization, deferring to
another paper the discussion of other regularizations. A first, basic, result of this paper is that
a more thorough treatment, taking account of such additional terms, confirms the result of [1].
The second topic is motivated as follows. It is well known that in anomaly calculations the
functional integral measure plays a basic role. In the case of chiral fermions the definition of
such a measure is a long-standing and unsolved problem. One can bypass it by using Feynman
diagram techniques, where the fermion path integral measure does not play a direct role. How-
ever there is a way to carry out the same calculation on a theory of Dirac fermions, so that
no fastidious objections can be raised about the fermion functional integral measure. Here is
where the axial metric intervenes. The idea is to follow the method used in [14] for chiral gauge
anomalies. It is possible to compute covariant and consistent anomalies in a unique model by
coupling Dirac fermions also to an axial potential A, beside the familiar vector potential V . The
anomalies one obtains in this way satisfy the Wess-Zumino consistency conditions, but depend
on two potentials. The covariant anomaly for Dirac fermions coupled to V alone are obtained
by simply setting A = 0. The consistent anomaly of chiral fermions coupled to V are obtained
by taking the limit V → V/2, A → V/2. Transposing this technique to the problem of trace
anomalies for chiral fermions, requires the introduction of an axial tensor fµν , which with some
abuse of language we call metric too, besides the usual metric gµν . This second tensor is called
axial because it couples axially to Dirac fermions. The second important result of our paper is
that we succeed in introducing this bimetric system, and through it we are able to derive the
trace anomalies for Dirac, Majorana and Weyl fermions as particular cases of the general case.
Using again dimensional regularization, we obtain in this way a confirmation of the previous,
together with new, results. We suggest also an explanation for the claimed disagreement with
ref.[3].
The calculations presented here have a more general motivation, stemming from a more
basic question concerning massless fermions. More precisely the question we would like to be
able to answer is: is there at present a consistent field theory of massless fermions in a curved
background? A massless Dirac fermion is not a good candidate in this sense, because it admits
a mass term that can arise from renormalization, even if it is not initially present in the action.
So the choice must be restricted to Weyl and Majorana. Also a Majorana fermion can have
mass, but if its bare mass is zero, a (rigid) chiral symmetry could in principle protect this
vanishing mass. However this symmetry is anomalous on a curved background, due to the
Kimura-Delbourgo-Salam anomaly, [8, 9]. A Weyl fermion is certainly massless and no bare
mass term exists that can threaten this property. The odd parity trace-anomaly found in [1] is a
new and perhaps useful aspect [18] as long as we consider the theory an effective one. However,
unitarity of the theory might be imperiled in a fully quantized gravity theory interacting with
chiral fermions. Perhaps some innovative theory may be necessary in order to describe a truly
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massless fermion on a curved background.
Given the importance of this theme, we intend to return to the analysis of the odd parity
trace anomaly in the presence of a gravitational background by means of other methods and
other regularizations, which we believe will confirm the results obtained with the dimensional
regularization.
The paper is organized as follows. In section 2 we review the properties of massless Weyl and
Majorana fermions in 4d. In section 3 the anomaly derivation of [1] is reviewed and integrated
with the calculation of the relevant tadpoles and seagull terms. In section 4 such a revisiting is
completed with the evaluation of the Ward identity for diffeomorphisms. Section 5 contains an
additional discussion on the the odd trace anomaly. In section 6 we introduce the formalism for
a MAT (metric-axial-tensor) gravity, and in section 7 we couple it to Dirac fermions. Then we
present a simplified derivation of the trace anomalies in such a model and, then, we compute in
detail the collapsing limit, which allows us to calculate the trace anomalies in an ordinary gravity
background for Dirac, Weyl and Majorana fermions. Section 8 is devoted to a justification of the
simplifications of the previous section. Section 9 is the conclusion. The evaluation of the triangle
diagram for odd trace anomaly is shown in Appendix A The derivation of Feynman rules in an
ordinary gravity and MAT background, together with the relevant Ward identities are collected
in Appendix B. The most encumbering diagram calculations can be found in Appendix C.
Notation. We use a metric gµν with mostly - signature. The gamma matrices satisfy
{γµ, γν} = 2gµν and
γ†µ = γ0γµγ0
The generators of the Lorentz group are Σµν =
1
4 [γµ, γν ]. The charge conjugation operator C is
defined to satisfy
γTµ = −C−1γµC, CC∗ = −1, CC† = 1 (1)
The chiral matrix γ5 = iγ
0γ1γ2γ3 has the properties
γ†5 = γ5, (γ5)
2 = 1, C−1γ5C = γT5
2 Dirac, Majorana and Weyl fermions in 4d.
We would like to devote this section to a discussion of the statement that a massless Majorana
fermion is the same as a Weyl fermion. The reason is that, if it is true at both classical and
quantum level, there is no chance for an odd parity trace anomaly to exist and no motivation for
this paper. On the other hand this statement is not undisputed. As one can easily experience,
there is no well defined or generally accepted doctrine about the properties of the quantum
theories of massless Majorana and Weyl fermions. Our aim here is to examine various aspects
of the problem and bring to light all the classical and quantum differences between the two
types of fermions. We would like to convince the reader that there is no a priori uncontroversial
evidence that the statement is true, and therefore it is prudent to leave the last word to explicit
computations, such as the one for odd parity trace anomaly.
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We start from a few basic facts about fermions in 4d. Let us start from a 4-component Dirac
fermion ψ. Under Lorentz it transforms as
ψ(x)→ ψ′(x′) = exp
[
−1
2
λµνΣµν
]
ψ(x) , (2)
for x′µ = (eλ)µν xν , where Σµν = 14 [γµ, γν ]. The Lagrangian for a free Dirac field is well-known:
iψ¯γµ∂µψ (3)
What is often forgotten is that, like for the kinetic term of any field theory, it can be con-
structed because, in the spinor space, there exist a Lorentz invariant scalar product (Ψ1,Ψ2) =
〈Ψ†1|γ0|Ψ2〉. So that (3) can also be written as
i(ψ, γ ·∂ψ) (4)
A Dirac fermion admits a Lorentz invariant mass term mψ¯ψ = m(ψ,ψ).
A Dirac fermion can be seen as the sum of two Weyl fermions
ψL = PLψ, ψR = PRψ, where PL =
1 + γ5
2
, PR =
1− γ5
2
with opposite chiralities
γ5ψL = ψL, γ5ψR = −ψR.
A left-handed Weyl fermion admits a Lagrangian kinetic term
i(ψL, γ ·∂ψL) = iψLγµ∂µψL (5)
but not a mass term, because (ψL, ψL) = 0, since γ5γ
0+γ0γ5 = 0. So a Weyl fermion is massless
and this property is protected by its being chiral.
In order to introduce Majorana fermions we need the notion of Lorentz covariant conjugate
spinor, ψˆ:
ψˆ = γ0Cψ
∗ (6)
It is not hard to show that if ψ transforms like (2), then
ψˆ(x)→ ψˆ′(x′) = exp
[
−1
2
λµνΣµν
]
ψˆ(x) , (7)
Therefore it makes sense to impose on ψ the condition
ψ = ψˆ (8)
because both sides transform in the same way. A spinor satisfying (8) is, by definition, a
Majorana spinor.
A Majorana spinor admits both kinetic and mass term, which can be written as 12× those
of a Dirac spinor.
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In terms of Lorentz group representations we can summarize the situation as follows. γ5
commutes with Lorentz transformations exp
[−12λµνΣµν]. So do PL and PR. This means that the
Dirac representation is reducible and multiplying the spinors by PL and PR identifies irreducible
representations, the Weyl ones. To be more precise, the Weyl representations are irreducible
representations of the group SL(2, C), which is the covering group of the proper ortochronous
Lorentz group. They are usually denoted (12 , 0) and (0,
1
2) in the SU(2)× SU(2) labeling of the
SL(2, C) irreps. As we have seen in (7), Lorentz transformations commute also with the charge
conjugation operation
CψC−1 = ηCγ0Cψ∗ (9)
where ηC is a phase which, for simplicity, we set equal to 1. This also says that Dirac spinors
are reducible and suggests another way to reduce them: by imposing (8) we single out another
irreducible representation, the Majorana one. The Majorana representation is the minimal
irreducible representation of a (one out of eight) covering of the complete Lorentz group, [5, 6].
It is evident, and well-known, that Majorana and Weyl representations are incompatible (in
4d)1.
Let us recall the properties of a Weyl fermion under charge conjugation and parity. We have
CψLC
−1 = PLCψC−1 = PLψˆ = ψˆL (10)
The charge conjugate of a Majorana field is itself, by definition. While the action of a Majorana
field is invariant under charge conjugation, the action of a Weyl fermion is, so to say, maximally
non-invariant, for
C
(∫
iψLγ
µ∂µψL
)
C
−1 =
∫
iψˆLγ
µ†∂µψˆL =
∫
iψRγ
µ∂µψR (11)
The parity operation is defined by
PψL(t,
→
x)P−1 = ηP γ0ψR(t,− →x) (12)
where ηP is a phase. In terms of the action we have
P
(∫
ψLγ
µ∂µψL
)
P
−1 =
∫
ψRγ
µ∂µψR, (13)
while for a Majorana fermion the action is invariant under parity.
If we consider CP, the action of a Majorana fermion is obviously invariant under it. For a
Weyl fermion we have
CPψL(t,
→
x)(CP)−1 = γ0ψ̂L(t,− →x) = γ0PRψˆ(t,− →x) = γ0ψˆR(t,− →x) (14)
Applying CP to the Weyl action one gets
CP
(∫
iψLγ
µ∂µψL
)
(CP)−1 =
∫
iψˆR(t,− →x)γµ†∂µψˆR(t,− →x) =
∫
iψˆR(t,
→
x)γµ∂µψˆR(t,
→
x) (15)
1One can express the components of Majorana fermion as linear combinations of those of a Weyl fermion and
viceversa, see for instance [17]. However this does not respect the irrep decomposition.
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But one can easily prove that∫
iψˆR(t,
→
x)γµ∂µψˆR(t,
→
x) =
∫
iψL(x)γ
µ∂µψL(x) (16)
Therefore the action for a Weyl fermion is CP invariant. It is also, separately, T invariant, and,
so, CPT invariant.
Now let us go to the quantum interpretation of the field ψL. It has the plane wave expansion
ψL(x) =
∫
dp
(
a(p)uL(p)e
−ipx + b†(p)vL(p)eipx
)
(17)
where uL, vL are fixed and independent left-handed spinors (there are only two of them). The
interpretation is: b†(p) creates a left-handed particle while a(p) destroys a left-handed particle
with negative helicity (because of the opposite momentum). However eqs.(14,15) force us to
identify the latter with a right-handed antiparticle: C maps particles to antiparticles, while P
invert helicities, so CP maps left-handed particles to right-handed antiparticles. It goes without
saying that no right-handed particles or left-handed antiparticles enter the game.
Remark. A mass term ψ¯ψ for a Dirac spinor can be also rewritten by projecting the latter
into its chiral components
ψ¯ψ = ψLψR + ψRψL (18)
If ψ is a Majorana spinor this can be written
ψ¯ψˆ = ψˆLψR + ψRψˆL, (19)
which is therefore well defined and Lorentz invariant by construction. Now, using the Lorentz
covariant conjugate we can rewrite (19) as
(ψL)
TC−1ψL + ψ
†
LC(ψL)
∗, (20)
which is expressed only in terms of ψL. (20) may create the illusion that there exists a mass
term also for Weyl fermions. But this is not the case. If we add this term to the kinetic term
(5) we obtain an action whose equation of motion is not Lorentz covariant: the kinetic and mass
term in the equation of motion belong to two different representations. To be more explicit, a
massive Dirac equation of motion for a Weyl fermion would be
iγµ∂µψL −mψL = 0, (21)
but this equation breaks Lorentz covariance because the first piece transforms according to a
right-handed representation while the second according to a left-handed one, and is not La-
grangian2,. The reason is, of course, that (20) is not expressible in the same canonical form as
2Instead of the second term in the LHS of (21) one could use mCψL
T
, which has the right Lorentz properties,
but the corresponding Lagrangian term would not be self-adjoint and one would be forced to introduce the adjoint
term and end up again with (20) . This implies, in particular, that there does not exist such a thing as a “massive
Weyl propagator”, that is a massive propagator involving only one chirality, which, in particular, renders the use
of the Pauli-Villars regularization problematic. Sometimes a Dirac or Majorana propagator is used in its place. A
minimal precaution, in such a case, would be to check the results obtained with this regularization by comparing
them with those obtained with others.
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(5). This structure is clearly visible in the four component formalism used so far, much less
recognizable in the two-component formalism.
The fact that a massive Majorana fermion and a Weyl fermion are different objects is, in
our opinion, uncontroversial. The question whether a massless Majorana fermion is or is not
the same as a Weyl fermion at both classical and quantum level, as we pointed out above, is not
so clearly established. Let us consider the case in which there is no quantum number appended
to the fermions. The reason why they are sometimes considered as a unique object is due, we
think, to the fact that we can establish a one-to-one correspondence between the components of
a Weyl spinor and those of a Majorana spinor in such a way that the Lagrangian (particularly in
two-component notation) looks the same. In fact this is not decisive, as we will see in a moment.
But let us mention first the evident differences between the two. The first, and most obvious, is
the one we have already mentioned: they belong to two different representations of the Lorentz
group, irreducible to each other (it should be standard lore that in 4d there cannot exist a
spinor that is simultaneously Majorana and Weyl). Another macroscopic difference is that the
helicity of a Weyl fermion is well defined and corresponds to its chirality, while the chirality
of a Majorana fermion is undefined, so that the relation with its helicity is also undefined.
Next, a parity operation maps the Majorana action into itself, while it maps the Weyl action
(5) into the same action for the opposite chirality. Same for the charge conjugation operator.
Finally, going to the quantum theories, the fermion path integral measures in the two cases are
different. This is the crucial point as far as the matter discussed in this paper is concerned, i.e.
anomalies. Let us expand on it. The path integral of a free Dirac fermion (3) is interpreted as
the determinant of the massless Dirac operator /D = i/∂ + /V (where V denotes any potential),
i.e. the (suitably regularized) product of its eigenvalues. A similar interpretation holds for a
massless Majorana fermion, while for a Weyl fermion it is not so straightforward. Since the Dirac
operator anticommutes with γ5, it maps a left-handed spinor to a right-handed one. Therefore
the eigenvalue problem is not even defined for /DL = /DPL. We may replace the looked for det /DL
with
(
det
(
/D
†
L /DL
)) 1
2
. But in this case we have to face the problem of an undetermined overall
phase factor. This impasse has been known for a long time 3. A few ways have been devised to
overcome it. One is to use a perturbative approach, via the Feynman diagram technique, in a
chiral fermion theory, wherein Lorentz covariance is taken into account via the chiral vertices.
This is the method used in [1, 2]. We will revisit it below. Later on (in Part II) we will consider
3It is well-known that in particular this prevents using the Fujikawa method for chiral theories, because the
latter, at least in its original form, holds when in the theory both chiralities are present. This problem has been
discussed in detail in [16], with explicit examples: it is shown there that the original Fujikawa method cannot
reproduce the non-Abelian consistent chiral anomalies, but only the covariant ones in chirally symmetric theories.
It follows that one cannot expect to be able to reproduce the odd parity trace anomaly in a left-handed theory,
because the latter belongs to the same class as the non-Abelian consistent chiral anomalies, that is the class of
anomalies having opposite sign for opposite chirality. This remark applies to [3], which, following the method of
Fujikawa and using Pauli-Villars regularization, obtains a vanishing odd trace anomaly and seems to contradict
our result below. Although we intend to return more punctually on this issue, let us point out for the time being
that using a Dirac fermion path integration measure amounts to introducing in the game both chiralities, even
though formally the action is declared to be the Weyl one. We have seen that the classical action can take various
forms, but for this anomaly what matters is that only one chirality is involved through all the steps, including the
path integration measure. Therefore, we believe, the result of [3] applies to Dirac and Majorana fermions and is
in fact consistent with ours.
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another approach, based on Dirac fermions, [14, 15, 16], (i.e. with the ordinary Dirac path
integral measure), whereby the chiral fermion theory is recovered as a limiting case. Finally,
although we do not use it here, we should mention the method recently devised in [23], where a
fifth dimension is introduced as a regulator.
We think the above arguments are more than enough to conclude that massless Majorana
and Weyl fermions, notwithstanding some similarities, may really be different objects. However,
to conclude, it is worth trying to counter a common misconception that comes from what we
said above: we can establish a one-to-one correspondence between the components of a Weyl
spinor and those of a Majorana spinor in such a way that the Lagrangians in two-component
notation look the same. If, for instance, in the chiral representation we represent ψL as
(
ω
0
)
,
where ω is a two component spinor, then (5) above becomes
iω†σ¯µ∂µω (22)
which has the same form as a massless Majorana action. Now, if the action is the same for both
Weyl and Majorana, how can there be differences? This (problematic) syllogism may cause
gross misunderstandings. Well, first, in general, the action of a physical system does not contain
all the information concerning the system, there being specifications that have to be added
separately. Second, even though numerically the actions coincide, the way the actions respond
to a variation of the Weyl and Majorana field is different. One leads to the Weyl equation of
motion, the other to the Majorana one. The delicate point is precisely this: when we take the
variation of an action with respect to a field in order to extract the equations of motion, we
have to make sure that the variations do not break the symmetries or the properties we wish to
be present in the equations of motion. In general, we do this automatically, without thinking of
it4. But in this case more than the normal care has to be used. If we wish the eom to preserve
chirality we must use variations that preserve chirality, i.e. must be eigenfunctions of γ5. If
instead we wish the eom to transform in the Majorana representation we have to use variations
that transform suitably, i.e. must be eigenfunctions of the charge conjugation operation. If
we do so we o btain two different results, which are irreducible to each other, no matter what
action we use5. Third, and most important, as already pointed out, in the quantum theory a
crucial role is played by the functional measure, which is very likely to be different for Weyl and
Majorana fermions.
Concluding this introductory discussion, we think the identification of a Weyl fermion with
a massless Majorana one should not be taken as granted as sometimes stated in the literature.
It is prudent to avoid a priori conclusions, but rather develop both hypotheses (not only one)
and compare the end results. This said, it is important to find out properties that differentiate
Weyl and massless Majorana fermions. In this paper, following [1, 2], we show that one such
property is the parity odd Weyl anomaly. The latter is 0 for a massless Majorana fermion, while
it equals the Pontryagin density for a Weyl fermion (the even parity trace anomaly is the same
for both).
4For instance, in gravity theories, the metric variation δgµν is generic while not ceasing to be a symmetric
tensor.
5It is clear that, eventually, all the components, both of a Weyl and a massless Majorana fermion, satisfy the
massless Klein-Gordon equation. But this is not a qualifying property in this context, otherwise, for instance,
any two (anticommuting) complex massless scalar fields would be the same as a Weyl fermion, and any four real
massless scalar fields would be the same as a massless Majorana fermion.
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Part I
3 Odd parity trace anomaly in chiral theories
In this section we reconsider the calculation of the odd trace anomaly in [1](for an introduction
to anomalies see [19, 20, 21]). The motivation for this is that in [1], as well as in [2], tadpoles
and seagull diagrams were disregarded. In ordinary (non-chiral) theories coupled to gravity such
diagrams contribute local terms to the effective action, and help restoring conservation, which
otherwise would be violated by local terms, [22]. As we shall see below, these diagrams are
instead ineffective for the parity odd diagrams in a chiral theory, and do not change the final
result. However a complete treatment demands that they should be taken into account and
evaluated.
The model we considered in [1] was a left-handed Weyl spinor coupled to external gravity in
4d. The action is
S =
∫
d4x
√
|g| iψLγm
(
∇m + 1
2
ωm
)
ψL (23)
where γm = ema γ
a, ∇ (m,n, ... are world indices, a, b, ... are flat indices) is the covariant derivative
with respect to the world indices and ωm is the spin connection:
ωm = ω
ab
mΣab
where Σab =
1
4 [γa, γb] are the Lorentz generators. Finally ψL =
1+γ5
2 ψ. Classically the energy-
momentum tensor
T µν = − i
4
ψLγ
µ
↔
∇νψL + (µ↔ ν) (24)
is both conserved on shell and traceless.
From (23) we extracted the (simplified) Feynman rules as follows. The action (23) can be
written as
S =
∫
d4x
√
|g|
[
i
2
ψLγ
µ
↔
∂ µψL − 1
4
ǫµabcωµabψLγcγ5ψL
]
(25)
where it is understood that the derivative applies to ψL and ψL only. We have used the relation
{γa,Σbc} = i ǫabcdγdγ5.
Expanding
eaµ = δ
a
µ + χ
a
µ + ..., e
µ
a = δ
µ
a + χˆ
µ
a + ..., and gµν = ηµν + hµν (26)
and inserting these expansions in the defining relations eaµe
µ
b = δ
a
b , gµν = e
a
µe
b
νηab, one finds
χˆµν = −χµν and hµν = 2χµν . (27)
Expanding accordingly the spin connection
ωµab = eνa(∂µe
ν
b + e
σ
bΓσ
ν
µ), Γσ
ν
µ =
1
2
ηνλ(∂σhλµ + ∂µhλσ − ∂λhσµ) + ...
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after some algebra one gets
ωµab ǫ
µabc = −1
4
ǫµabc ∂µhaλ h
λ
b + ... (28)
Therefore, up to second order the action can be written (by incorporating
√
|g| in a redefi-
nition of the ψ field)
S ≈
∫
d4x
[
i
2
(δµa −
1
2
hµa)ψLγ
a
↔
∂ µψL +
1
16
ǫµabc ∂µhaλ h
λ
b ψ¯Lγcγ5ψL
]
The free action is
Sfree =
∫
d4x
i
2
ψLγ
a
↔
∂ aψL (29)
and the lowest interaction terms are
Sint =
∫
d4x
[
− i
4
hµa ψLγ
a
↔
∂ µψL +
1
16
ǫµabc ∂µhaλ h
λ
b ψ¯Lγcγ5ψL
]
(30)
Retaining only the above terms of the action of (30), the Feynman rules are as follows
(momenta are ingoing and the external gravitational field is assumed to be hµν). The fermion
propagator is
P :
i
/p+ iǫ
(31)
The two-fermion-one-graviton vertex is
Vffh : − i
8
[
(p+ p′)µγν + (p+ p′)νγµ
] 1 + γ5
2
(32)
The two-fermion-two-graviton vertex (V ǫffhh) is
V ǫffhh :
1
64
tµνµ′ν′κλ(k − k′)λγκ 1 + γ5
2
(33)
where
tµνµ′ν′κλ = ηµµ′ǫνν′κλ + ηνν′ǫµµ′κλ + ηµν′ǫνµ′κλ + ηνµ′ǫµν′κλ (34)
3.1 Complete expansion
The previous action (23) is a simplified one. It disregards the measure
√
|g|, which is incorpo-
rated in the fermion field ψ. In a more complete approach one should take into account tadpole
and seagull terms and reinsert
√|g| in the action. Some of these, in principle, might be relevant
for the trace anomaly. To this end we need the complete expansion in hµν up to order three of
the action, more precisely,
gµν = ηµν + hµν (35)
gµν = ηµν − hµν + (h2)µν + . . .
eµa = δ
µ
a −
1
2
hµa +
3
8
(h2)µa −
5
16
(h3)µa + . . .
eaµ = δ
a
µ +
1
2
haµ −
1
8
(h2)aµ +
1
16
(h3)aµ + . . .√
|g| = 1 + 1
2
(tr h) +
1
8
(trh)2 − 1
4
(tr h2)− 1
8
(tr h)(tr h2) +
1
48
(trh)3 +
1
6
(trh3) + . . .
and
Γλµν =
1
2
(
∂µh
λ
ν + ∂νh
λ
µ − ∂λhµν
)
− 1
2
(h− h2)λρ (∂µhρν + ∂νhρµ − ∂ρhµν) (36)
In this approximation the spin connection is
ωabµ =
1
2
(
∂bhaµ − ∂ahbµ
)
+
1
4
(
hσa∂σh
b
µ − hσb∂σhaµ + hbσ∂ahσµ − haσ∂bhσµ
)
−1
8
(
haσ∂µh
b
σ − hbσ∂µhaσ
)
(37)
+
1
8
(
(h2)aλ∂µh
b
λ − (h2)bλ∂µhaλ
)
+
3
16
(
(h2)aλ∂bhµλ − (h2)bλ∂ahµλ
)
− 3
16
(
(h2)aλ∂λh
b
µ − (h2)bλ∂λhaµ
)
+
1
8
(
haρhbλ − hbρhaλ
)
∂λhµρ + . . .
Up to third order in h the action is
S =
∫
d4x
[ i
2
ψLγ
m
↔
∂mψL − i
4
ψLh
m
a γ
a
↔
∂mψL +
3i
16
ψL(h
2)ma γ
a
↔
∂mψL − 5i
32
ψL(h
3)ma γ
a
↔
∂mψL
− 1
16
ǫmabcψLγcγ5ψL
(
hσm∂ahbσ + (h
2)σm∂bhaσ − hρmhσa∂σhρb −
1
2
hρm∂ahρσh
σ
c
)
(38)
+
1
2
(trh)
(
i
2
ψLγ
m
↔
∂mψL − i
4
ψLh
m
a γ
a
↔
∂mψL +
3i
16
ψL(h
2)ma γ
a
↔
∂mψL
− 1
16
ǫmabcψLγcγ5ψLh
σ
m∂ahbσ
)
+
(
1
8
(trh)2 − 1
4
(trh2)
)(
i
2
ψLγ
m
↔
∂mψL − i
4
ψLh
m
a γ
a
↔
∂mψL
)
+
(
−1
8
(tr h)(tr h2) +
1
48
(trh)3 +
1
6
(trh3)
)
i
2
ψLγ
m
↔
∂mψL + . . .
]
The propagator (31) comes from the first term of the first line in the RHS of (38). The vertex
Vffh comes from the second term, while V
ǫ
ffhh originates from the first term in the second line
of (38). There are many other vertices of the type Vffh, Vffhh, Vffhhh. It is important to single
out which may be relevant to trace anomalies.
The Ward identity for Weyl invariance, in absence of anomalies, is:
T(x) ≡ gµν(x)〈〈T µν(x)〉〉 = 〈〈T µµ (x)〉〉+ hµν(x)〈〈T µν(x)〉〉 = 0 (39)
Writing
〈〈T µν(x)〉〉 = 〈0|T µν(0)(x)|0〉 (40)
+
∞∑
n=1
1
2nn!
∫ n∏
i=0
dxi hµ1ν1(x1) . . . hµnνn(xn)T µνµ1ν1...µnνn(x, x1, . . . , xn),
order by order in h, eq.(39) breaks down to
T
(0)(x) ≡ 〈0|T(0)µµ(x)|0〉 = 0 (41)
T
(1)(x) ≡ T µµ1ν1µ (x, x1) + 2δ(x − x1)〈0|T µ1ν1(0) (x)|0〉 = 0 (42)
T
(2)(x) ≡ T µµ1ν1µ2ν2µ (x, x1, x2) + 2δ(x − x1)T µ1ν1µ2ν2(x, x2)
+2δ(x− x2)T µ2ν2µ1ν1(x, x1) = 0 (43)
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where
T µν(0) = 2
δS
δhµν(x)
∣∣∣∣∣
h=0
= − i
4
(
ψLγ
µ
↔
∂νψL + µ↔ ν
)
+
i
2
ηµν ψLγ
m
↔
∂mψL, (44)
T µνµ1ν1(x, x1) = i〈0|T T µν(0)(x)T
µ1ν1
(0) (x1)|0〉 − ηµ1ν1δ(x− x1)〈0|T
µν
(0)(x)|0〉
+4〈0| δ
2S
δhµν (x)δhµ1ν1(x1)
|0〉 (45)
and
T µνµ1ν1µ2ν2(x, x1, x2)
= −〈0|T T µν(0)(x)T µ1ν1(0) (x1)T µ2ν2(0) (x2)|0〉 + 4i〈0|T T µν(0)(x)
δ2S
δhµ1ν1(x1)δhµ2ν2(x2)
|0〉
−iηµ1ν1δ(x − x1)〈0|T T µν(0)(x)T µ2ν2(0) (x2)|0〉 − iηµ2ν2δ(x− x2)〈0|T T µν(0)(x)T µ1ν1(0) (x1)|0〉
+4i〈0|T T µ1ν1(0) (x1)
δ2S
δhµν(x)δhµ2ν2(x2)
|0〉 + 4i〈0|T T µ2ν2(0) (x2)
δ2S
δhµ1ν1(x1)δhµν(x)
|0〉
+(ηµ1ν1ηµ2ν2 + ηµ1ν2ηµ2ν1 + ηµ1µ2ην1ν2) δ(x− x1)δ(x − x2)〈0|T µν(0)(x)|0〉
−4ηµ1ν1δ(x− x1)〈0| δ
2S
δhµν (x)δhµ2ν2(x2)
|0〉 − 4ηµ2ν2δ(x − x2)〈0| δ
2S
δhµν (x)δhµ1ν1(x1)
|0〉
+8〈0| δ
3S
δhµν (x)δhµ1ν1(x1)hµ2ν2(x2)
|0〉 (46)
The functional derivatives of S with respect to h are understood to be evaluated at h = 0.
In the sequel we will need the explicit expressions of vertices, up to order two in h (for a
derivation of Feynman rules see Appendix B, in particular B.1 and B.2). Beside (32) and (33)
we have:
V ′ffh :
i
4
ηµν(/p+ /p
′)PL (47)
V ′ffhh :
3i
64
[ (
(p + p′)µγµ′ηνν′ + (p + p′)µγν′ηνµ′ + {µ↔ ν}
)
+
(
(p+ p′)µ′γµηνν′ + (p+ p′)µ′γνηµν′ + {µ′ ↔ ν ′}
) ]
PL (48)
V ′′ffhh : −
i
16
[
ηµν
(
(p+ p′)µ′γν′ + (p+ p′)ν′γµ′
)
+ ηµ′ν′
(
(p + p′)µγν + (p+ p′)νγµ
) ]
PL(49)
V ′′′ffhh :
i
8
(/p+ /p
′)(ηµνηµ′ν′ − ηµν′ηµ′ν − ηµµ′ηνν′)PL (50)
So far we have been completely general. From now on we consider only odd correlators,
that is only correlators linear in ǫµνλρ. To start with, to 〈0|T(0)µµ(x)|0〉, which is a constant,
only a tadpole can contribute, but its odd part vanishes because there is no scalar one can
construct with ǫ and η. For the same reason also 〈0|T µν(0)(x)|0〉 vanishes. The two-point function
〈0|T T µν(0)(x)T µ1ν1(0) (x1)|0〉 also must vanish, because in momentum space it must be a 4-tensor
linear in ǫ and formed with η and the momentum k: there is no such tensor, symmetric in
µ ↔ ν, µ1 ↔ ν1 and (µ, ν) ↔ (µ1, ν1). As for the terms 〈0| δ2Sδhµν (x)δhµ1ν1 (x1) |0〉 they might also
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produce nonvanishing contribution from tadpoles diagram, but like in the previous case it is
impossible to satisfy the combinatorics. In conclusion (41) and (42) are identically satisfied,
while (43) becomes
T
(2)(x) = T µµ1ν1µ2ν2µ (x, x1, x2)
= ηµν
(
− 〈0|T T µν(0)(x)T
µ1ν1
(0) (x1)T
µ2ν2
(0) (x2)|0〉 + 4i〈0|T T
µν
(0)(x)
δ2S
δhµ1ν1(x1)δhµ2ν2(x2)
|0〉
+4i〈0|T T µ1ν1(0) (x1)
δ2S
δhµν (x)δhµ2ν2(x2)
|0〉+ 4i〈0|T T µ2ν2(0) (x2)
δ2S
δhµ1ν1(x1)δhµν (x)
|0〉
+8〈0| δ
3S
δhµν (x)δhµ1ν1(x1)hµ2ν2(x2)
|0〉
)
(51)
To proceed further we focus now on the terms containing the second derivative of S. Looking
at (38) we see that there are several such terms. We argue now that those among them that do
not contain the ǫ tensor, although the gamma trace algebra may generate an ǫ tensor, cannot
contribute to the odd trace anomaly. The vertices corresponding to such terms have two fermion
and two graviton legs, that is they are of the type Vffhh. By Fourier transform, we associate
an incoming eipx plane wave to one fermion and an outgoing e−ip
′x one to the other, while we
associate two incoming plane waves eik1x, eik2x to the two gravitons. Since none of them contain
derivatives of h, the vertex will depend at most on q = k1 + k2, not on k1 − k2, see for instance
the vertex coming from the third term in the first line of (38), i.e. V
′
ffhh.
This being so, the contributions from the terms related to the second derivative of S in
(51) via such vertices, and linear in ǫ, must vanish, because it is impossible to form a 4-tensor
symmetric in µ1 ↔ ν1, µ2 ↔ ν2 and (µ1, ν1) ↔ (µ2ν2) with ǫ, η and qµ. It follows that only
the contribution with the vertex V ǫffhh might contribute non trivially to the odd trace anomaly.
Looking at the form of V ǫffhh, it is clear that the two terms in the third line of (51) give
vanishing contribution because the contraction of µ with ν becomes a (vanishing) contraction
of the t tensor, (34).
Next let us consider the fourth line of (51). These are seagull terms, with three external
graviton lines attached to the same point of a fermion loop. The gamma trace algebra cannot
generate an ǫ tensor from all such terms, except of course the second term in the second line
and the one in the fourth line. Therefore we can exclude all the former from our consideration.
As for the latter the relevant vertex has two fermion legs, with the usual momenta p and p′,
and three graviton legs, with incoming momenta k1, k2, k3 and labels µ1, ν1, µ2, ν2 and µ3, ν3,
respectively. Its expression for the second term in the second line of (51) is
∼ ǫµ2µ3λρkλ3γρηµ1ν3ην1ν2 (52)
symmetrized in µ1 ↔ ν1, µ2 ↔ ν2, µ3 ↔ ν3, and with respect to the exchange of any two couples
(µi, νi). The seagull term is therefore proportional to∫
d4p
pρ
p2
which vanishes. As for the term in the fourth line of (51), one comes to similar conclusions.
14
In summary, the odd trace anomaly receives contributions only from
T
(2)(x) = T µµ1ν1µ2ν2µ (x, x1, x2) (53)
= ηµν
(
− 〈0|T T µν(0)(x)T µ1ν1(0) (x1)T µ2ν2(0) (x2)|0〉 + 4i〈0|T T µν(0)(x)
δ2S
δhµ1ν1(x1)δhµ2ν2(x2)
|0〉
)
This result looks very much like the starting point of [1], i.e. it seems to reduce to the same
contributions, i.e. the triangle diagram and bubble diagram (which turned out to vanish), but
there is an important modification: the T µν(0)(x) is different from the free e.m. tensor in [1],
the definition (44) contains an additional piece (the second). It is not hard to show that the
second term in the RHS of (53) vanishes also when taking account of this modification. As for
the three point function in the first term of (53) we obtain of course the same result as in [1]
when the calculation is made with three vertices Vffh: P −Vffh-P -Vffh-P -Vffh (for the reader’s
convenience this calculation is repeated in Appendix A); it is 0 when the second or third vertices
are replaced by V ′ffh, and it is -4 times the result of [1] if the first vertex is replaced by V
′
ffh,
i.e. P -V ′ffh-P -Vffh-P -Vffh . When we replace more than one vertex Vffh with V
′
ffh we get 0.
So the overall result of (53) is (1-4=-3) times the end result for the trace anomaly in [1].
We will see, below, however that this modification of the anomaly must be canceled in order
to guarantee conservation. Let us call the lowest order integrated anomaly, obtained in [1],
Aω = −
∫
ωA0. Then the new addition equals −4Aω. By adding to the effective action the
term C = − ∫ 12trhA0 we exactly cancel this additional unwanted piece. We will verify that this
counterterm cancels an analogous anomalous term in the Ward identity of the diffeomorphisms,
anomalous term which is generated by the same diagram P -V ′ffh-P -Vffh-P -Vffh which is the
cause of the additional term in question in the trace anomaly.
In conclusion, the only relevant term for the odd trace anomaly is the P -Vffh-P -Vffh-P -Vffh
one. This is the term we have computed first in [1], which gives rise to the Pontryagin anomaly.
It should be remarked that in the odd trace anomaly calculation there are no contributions from
tadpole and seagull terms.
3.2 Odd trace anomaly for Dirac and Majorana fermions
The action for a Dirac fermion is the same as in (38) with ψL everywhere replaced by the Dirac
fermion ψ. In order to evaluate the odd trace anomaly we remark that an odd contribution in
(46) can come only from the terms in (38) that contain the ǫ tensor. Since these terms contain
γ5, upon tracing the gamma matrix part, either they give 0 or another ǫ tensor. In the latter
case they produce an even contribution to the trace anomaly, which does not concern us here.
In conclusion the odd trace anomaly, in the case of a Dirac fermion, vanishes.
When the fermion are Majorana the conclusion does not change. The simplest way to see it is
to use the Majorana representation for the gamma matrices. Then ψ has four real components,
and the only change with respect to the Dirac case is that in the path integral we integrate over
real fermion fields instead of complex ones, while all the rest remains unchanged. The conclusion
is obvious.
4 Conservation of the e.m. tensor
As already anticipated above, trace anomalies are strictly connected with diffeomorphism anoma-
lies. In 4d the so-called Einstein-Lorentz anomalies are absent, but there may appear other
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anomalous terms in the Ward identity of the diffeomorphisms. The latter together with a Weyl
anomaly partner form a cocycle of the joint diff+Weyl cohomology, see [24, 25]. Usually, by
adding a local counterterm to the effective action, one can restore diffeomorphism invariance. In
the present case, odd parity trace anomaly, the analysis of such possible anomalies was carried
out in a simplified form in [2]. In this section we wish to complete that analysis by considering
also tadpoles and seagull terms.
If we take into account the tadpole and seagull terms in the conservation law one has to take
into account also the VEV of the e.m. tensor. Let us set
〈0|T µν(0)(x)|0〉 = 〈0|T µν(0)(0)|0〉 = Θµν = Aηµν (54)
The Ward identity is
∇µ〈〈T µν(x)〉〉 = ∂µ〈〈T µν(x)〉〉+ Γµµλ〈〈T λν(x)〉〉 + Γνµλ〈〈T µλ(x)〉〉 = 0 (55)
because 〈〈T µν(x)〉〉 ≡ 2√−g δWδgµν(x) . To first order in hµν we have
Γνµλ(x) ≈
1
2
(
∂µh
ν
λ + ∂λh
ν
µ − ∂νhµλ
)
Γµµλ(x) ≈
1
2
∂λh
µ
µ (56)
Now we use (40,44,45, 46). To the 0-th order in h (55) implies
∂µ〈0|T µν(x)|0〉 = 0 (57)
To get the WI to first order one must differentiate (55) with respect to hµν . One has
δhµν(x)
δhλρ(y)
=
1
2
(
δλµδ
ρ
ν + δ
λ
ν δ
ρ
µ
)
δ(x− y) (58)
Differentiating the first term on the RHS of (55) one gets the ordinary divergence of the two-point
function. Then
δΓµµλ(x)
δhµ1ν1(y)
=
1
2
ηµ1ν1∂xλδ(x − y) (59)
and
δΓνµλ(x)
δhµ1ν1(y)
=
1
4
(
∂µδ(x− y)
(
δν1λ η
µ1ν + δµ1λ η
ν1ν
)
+ ∂λδ(x − y)
(
δµ1µ η
νν1 + δν1µ η
νµ1
)
− ∂νδ(x− y) (δν1λ δµ1µ + δµ1λ δν1µ )) (60)
Putting everything together one finds
∂xµT µνµ1ν1(x, y) +
1
2
ηµ1ν1∂xλδ(x− y)Θλν (61)
+
1
2
(
∂xλδ(x − y)ηµ1νΘλν1 + ∂xλδ(x− y)ην1νΘλµ1 − ∂x νδ(x− y)Θµ1ν1
)
= i∂xµ〈0|T T µν(0)(x)T µ1ν1(0) (y)|〉+ 4∂xµ〈0|
δ2S
δhµν (x)δhµ1ν1(y)
|0〉
+∂xλδ(x− y)ηµ1νΘλν1 + ∂xλδ(x − y)ην1νΘλµ1 − ∂x νδ(x− y)Θµ1ν1 = 0.
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We have already noted that, for what concerns the odd part, all the terms in the RHS vanish.
Therefore conservation is guaranteed up to second order in h.
The order three Ward identity has a rather cumbersome expression, in particular it contains
various terms linear in Θµν . Since they do not contribute to the odd part of the identity we
drop them altogether. The remaining terms are:
−∂xµ〈0|T T µν(0)(x)T µ1ν1(0) (x1)T µ2ν2(0) (x2)|0〉+ 4i∂xµ〈0|T T µν(0)(x)
δ2S
δhµ1ν1(x1)δhµ2ν2(x2)
|0〉 (62)
+4i∂xµ〈0|T T µ2ν2(0) (x2)
δ2S
δhµν(x)δhµ1ν1(x1)
|0〉+ 4i∂xµ〈0|T T µ1ν1(0) (x1)
δ2S
δhµν(x)δhµ2ν2(x2)
|0〉
−4ηµ1ν1∂xµ
(
δ(x − x1)〈0| δ
2S
δhµν(x)δhµ2ν2(x2)
|0〉
)
− 4ηµ2ν2∂xµ
(
δ(x− x2)〈0| δ
2S
δhµν(x)δhµ1ν1(x1)
|0〉
)
−i∂xµ
(
δ(x− x1)ηµ1ν1〈0|T T µν(0)(x)T µ2ν2(0) (x2)〉+ δ(x− x2)ηµ2ν2〈0|T T µν(0)(x)T µ1ν1(0) (x1)〉
)
+∂xλδ(x− x1)ηµ1ν1
(
i〈0|T T λν(0)(x)T µ2ν2(0) (x2)|0〉+ 4〈0|
δ2S
δhλν(x)δhµ2ν2(x2)
|0〉
)
+∂xλδ(x− x2)ηµ2ν2
(
i〈0|T T λν(0)(x)T µ1ν1(0) (x1)|0〉+ 4〈0|
δ2S
δhλν(x)δhµ1ν1(x1)
|0〉
)
+
(
∂xµδ(x− x1) (δµ1λ ηνν1 + δν1λ ηνµ1)− ∂xνδ(x− x1)δµ1µ δν1λ
)
·
(
i〈0|T T µλ(0) (x)T µ2ν2(0) (x2)〉+ 4〈0|
δ2S
δhµλ(x)δhµ2ν2(x2)
|0〉
)
+
(
∂xµδ(x− x2) (δµ2λ ηνν2 + δν2λ ηνµ2)− ∂xνδ(x− x2)δµ2µ δν2λ
)
·
(
i〈0|T T µλ(0) (x)T µ2ν2(0) (x2)〉+ 4〈0|
δ2S
δhµλ(x)δhµ1ν1(x1)
|0〉
)
+8∂xµ〈0|
δ3S
δhλν(x)δhµ1ν1(x1)δhµ2ν2(x2)
|0〉 = 0
In the above discussion concerning the odd trace anomaly we have already met some of the terms
appearing in this formula. As already noted there, the two point functions 〈0|T T µν(0)(x)T
λρ
(0)(y)|0〉
cannot contribute to the odd part because the combinatorics of the ǫ and η tensor plus an
external momentum does not allow it. Next the VEV’s of second and third derivative of S
with respect to h cannot contribute with a tadpole term: if we look at (38) and focus on the
vertices that can give an odd parity contribution, i.e. those containing the ǫ tensor, we notice
that they depend linearly on the external momenta (not on the fermion momenta); therefore,
in a tadpole term, the momentum integrand can only be linear in the internal momentum pµ,
and thus vanishes.
Therefore (62), as far as the odd part is concerned, reduces to
−∂xµ〈0|T T µν(0)(x)T
µ1ν1
(0) (x1)T
µ2ν2
(0) (x2)|0〉 + 4i∂xµ〈0|T T
µν
(0)(x)
δ2S
δhµ1ν1(x1)δhµ2ν2(x2)
|0〉
+4i∂xµ〈0|T T µ2ν2(0) (x2)
δ2S
δhµν(x)δhµ1ν1(x1)
|0〉+ 4i∂xµ〈0|T T µ1ν1(0) (x1)
δ2S
δhµν(x)δhµ2ν2(x2)
|0〉
= 0. (63)
The last three terms on the LHS can be shown to vanish. The proof is not as simple as
the previous ones. One has to push the calculations one step further, introduce a dimensional
17
regulator and use Feynman parametrization (see Appendix B). The integration over the relevant
parameter can easily be shown to vanish. What remains to be verified is therefore
∂xµ〈0|T T µν(0)(x)T
µ1ν1
(0)
(x1)T
µ2ν2
(0)
(x2)|0〉 = 0. (64)
Let us consider the term generated by the diagram P −V ′ffh−P −Vffh−P −Vffh. We have
already calculated it above, it equals −∂xνA(x), where A(x) is the unintegrated Weyl anomaly
calculated in [1]. So conservation is violated by this term. Adding to the action the term
C = − ∫ 12 trhωA0, as we have anticipated above, we get the diff variation
δξC = −
∫
∂νξ
ν
A =
∫
ξν∂νA (65)
which exactly cancels this anomaly6.
Next we have to consider the diagram P − Vffh −P − V ′ffh − P − Vffh and P − Vffh −P −
Vffh − P − V ′ffh. In the on-shell case, k21 = 0 = k22, these contributions can be shown to vanish.
It is enough to take formula (3.18) of [1]. The first diagram corresponds to contracting this
formula with kµ1 or k
ν
1 . It is easy to see that such a contraction vanishes. The second diagram
corresponds to contracting the same formula with kµ
′
2 or k
ν′
2 , which again vanishes. Therefore,
at least in the on-shell case these diagrams do not contribute.
In conclusion we have to verify (64) for the triangle diagram P −Vffh−P −Vffh−P −Vffh
(and the crossed one). This is what we have already done in [1, 2].
4.1 On-shell, off-shell and locality
In [1, 2] the following integrals were used in order to compute the relevant Feynman diagram∫
d4p
(2π)4
∫
dδℓ
(2π)δ
p2
(p2 + ℓ2 +∆)3
=
1
(4π)2
(
−2
δ
− γ + log(4π)− log ∆
)
∫
d4p
(2π)4
∫
dδℓ
(2π)δ
p4
(p2 + ℓ2 +∆)3
=
∆
2(4π)2
(
−2
δ
− γ + 4 + log(4π)− log ∆
)
(66)
and ∫
d4p
(2π)4
∫
dδℓ
(2π)δ
ℓ2
(p2 + ℓ2 +∆)3
= − 1
2(4π)2∫
d4p
(2π)4
∫
dδℓ
(2π)δ
ℓ2p2
(p2 + ℓ2 +∆)3
=
1
(4π)2
∆ (67)
where ∆ = u(1 − u)k21 + v(1 − v)k22 + 2uv k1k2, u, v are Feynman parameters, and δ is the
dimensional regulator: d = 4 + δ.
The odd trace anomaly is due to the term [1, 2]
− 1
128
∫
d4p
(2π)4
∫
dδℓ
(2π)δ
tr
(
/p+ /ℓ
p2 − ℓ2 (2p− k1)λγρ
× /p+
/ℓ − /k1
(p− k1)2 − ℓ2 (2p − 2k1 − k2)αγβ
/p+ /ℓ − /q
(p− q)2 − ℓ2 /ℓ
γ5
2
)
. (68)
6Concerning the signs remember that there is a relative - sign between the unintegrated Diff and trace anomalies
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This requires the two integrals (67), which must be further integrated on v from 0 to 1− u and
on u from 0 to 1. The integrations over the Feynman parameters are elementary and lead to
the result
T
µ
µαβλρ(k1, k2) =
1
192(4π)2
kσ1 k
τ
2
(
tλραβστ (k
2
1 + k
2
2 + k1k2)− t(21)λραβστ
)
(69)
We report this result here to stress the fact that the terms contained in it are contact terms
and thus lead to a local anomaly. In [2] we remarked that the piece proportional to (k21 + k
2
2)
disappears on shell, and off-shell corresponds to a trivial anomaly.
To compute the conservation law (64) we need also the integrals (66). It is evident from the
form of their RHS’s that integrating on u and v will lead to non-contact terms, and non-local
expressions for the odd diff anomaly. However if we put k1 and k2 on shell things change. The
contact terms have been discussed in [2]. They can be eliminated by subtracting local countert-
erms without spoiling the trace anomaly. As for the noncontact terms they are polynomials of
k1 and k2 multiplied by log k1 ·k2. All such terms are listed in Appendix E of [2]. They look
non-local. However, using the Fourier transform∫
d4k1
(2π)4
d4k2
(2π)4
ei(k1(x−z)+k2(y−z)) log (k1 + k2)2
= − 1
4π2
δ(4)(x− y)z
(
1
(x− z)2 log
(x− z)2
4
)
, (70)
one can show that they give a vanishing contribution when inserted into the effective action,
because of the on shell condition hµν = 0 (De Donder gauge). On the other hand, when k1
and k2 are off shell, the anomaly looks nonlocal. This is a surprise because we are used to
think of anomalies as local expressions. But we have learned from [7] and from the higher spins
analysis that when higher spins are involved (including the metric) covariance generally requires
to sacrifice locality. However the ensuing non-locality is a gauge artifact. By imposing a suitable
gauge choice, locality can be restored. As an example see eq.(8.21) and others in [7].
5 Additional remarks on Weyl and Majorana
Before leaving Part I of this paper let us add some comments on the Pontryagin trace anomaly.
A non-trivial property is that it belongs to the family of chiral anomalies characterized by having
opposite coefficients for opposite chiralities7. This anomaly did not appear for the first time in
[1]. The possibility of its existence due to its Wess-Zumino consistency was pointed out in [13]
and, although somewhat implicitly, its existence was implied by [11]. A similar anomaly was
found in a different contest (originating from an antisymmetric tensor field) in the framework
of an AdS/CFT in [26], where a possible conflict with unitarity was pointed out. The same
risk has been pointed out, from a different viewpoint, in the introduction of the present paper
and in [1]. In general it seems that its presence signals some kind of difficulty in properly
defining the theory. Very likely for this reason the existence of the Pontryagin trace anomaly for
chiral fermions is still considered controversial and objections have been raised against it. Such
7This family includes in particular the consistent chiral anomalies in gauge theories. Thus in selecting the
regularization to compute the odd trace anomaly, a necessary criterion is the ability to reproduce such well-
known consistent gauge anomalies.
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objections are often reducible to the credence that Weyl fermions are equivalent to massless
Majorana fermions. We have already answered this naive objection and will not come back to
it. There are more serious issues however. One is the following. In conformal field theory in
4d the three-point functions of the energy-momentum tensor cannot have an odd part, so how
can an anomaly arise from the regularization of a vanishing bare correlator? We have already
answered this question in [2]: an anomaly can arise as a simple quantum effect; we have shown
other examples of correlators which do not arise from the regularization of nonvanishing bare
correlators, [4]. The crucial criterion is consistency.
A frequent prejudice is based on the lore that anomalies appear only in connection with
complex representations of the gauge group in question. This is actually true in many cases for
consistent chiral gauge anomalies. The latter are linear in the completely symmetric ad-invariant
tensors of order n in even d = 2n− 2 dimension. For instance in d = 4 the tensor in question is
the symmetric tensor dabc = 12 tr(T
a{T b, T c}) with T a being the anti-hermitean generators of the
Lie algebra. It is clear that if the representation is real, i.e. T a is antisymmetric, dabc vanishes.
For instance in 4d there are no Einstein-Lorentz (a.k.a. diffeomorphisms and/or local Lorentz
anomalies), because the corresponding representation of the Lorentz group is real. However
one cannot blindly tranfer the above criterion to the case of trace anomalies. A hint that in
such a case it may not apply is the following: as we have explained in section 2, the fermionic
functional determinant in a left-handed theory can be thought as a square root. This square
root is likely to give rise to a phase, which in turn would explain the imaginary anomaly. To
our best knowledge it is impossible to decide this a priori. Therefore we can only rely on the
explicit computation.
Another objection may arise from the following consideration. Let us split the Dirac fermion
into two Weyl fermions: ψ = PLψ + PRψˆ = ψL + ψR, The terms that appear in (38), in the
Dirac case, are of the form ψγa
↔
∂mψ and ψγcγ5ψ. They both split into the sum of the left and
right-handed part. With simple manipulations we have
ψRγ
a
↔
∂mψR = ψ
†γ0γaPR
↔
∂mψ = ψ
TC−1γaγ0PRC
↔
∂mψ
∗
= ψˆPRγ
aPL
↔
∂mψˆ = ψˆLγ
a
↔
∂mψˆL (71)
where ψˆ = γ0Cψ∗, and a similar expression for ψγcγ5ψ. Thus, for instance, we can write
ψγa
↔
∂mψ = ψLγ
a
↔
∂mψL + ψˆLγ
a
↔
∂mψˆL (72)
Recall that ψ̂L = ψˆR. A Majorana fermion satisfies the reality condition ψ = ψ̂, so we can split
it, according to the chiralities, ψ = PLψ + PRψˆ. Then, looking at (72), we have, for instance
ψγa
↔
∂mψ = 2ψLγ
a
↔
∂mψL (73)
It would seem that the full Majorana action can be expressed as twice the action for its left-
handed part. Then one would be led to conclude that there is an odd trace anomaly also
for a Majorana fermion. This is another possible pitfall induced by a careless use of formal
manipulations. The answer is the same as in section 2: one cannot consider the passage from
ψ to ψL in (73) as an allowed field redefinition, because it changes the integration measure.
Majorana and Weyl fermions have their own appropriate actions, which faithfully represent their
properties; in each case one must refer to the appropriate action, in particular, for Majorana
fermions one should avoid using the RHS of (73).
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Finally there is one subtle issue that has been somehow understood so far. We have stressed
above that the crucial ingredient in the calculation of anomalies is the functional integral mea-
sure. We have also explained the problems connected with the latter when chiral fermions are
involved. In section 3 we have employed a Feynman diagram technique, tacitly assuming that it
reproduces the correct path integration measure. Although this must be the case, because the
relevant Feynman diagrams (with chiral propagators and chiral vertices) are different from those
for Dirac or Majorana fermions, it is fair to say that we do not have a direct proof of it. There
is however a way to spell out any residual doubts concerning the path integration measure. It
relies in the analog of the method used by Bardeen, [14], for chiral gauge anomalies, see also
[15]. In such an approach one employs Dirac fermions (and, consequently, the ordinary Dirac
measure) and recovers the chiral fermion theory as a subcase, by taking a specific limit. To this
approach is devoted the second part of the paper.
Part II
In this second part we consider another approach to the odd trace anomaly, similar to
Bardeen’s method to chiral gauge anomalies in gauge theories, [14, 15, 16]. The latter consists
in introducing both a vector and an axial potential as external sources of a free Dirac fermion
theories in 4d. The usual consistent and covariant anomalies are obtained as specific limits of
this model. In order to transfer to gravity such a model we need a second metric, an axial
metric, beside the usual one. We will call such a model Metric-Axial-Tensor (MAT) Gravity.
6 Metric-Axial-Tensor Gravity
6.1 Axial metric
We use the symbols gµν , g
µν and eaµ, e
µ
a in the usual sense of metric and vierbein and their
inverses. Then we introduce the formal writing8
Gµν = gµν + γ5fµν (74)
where f is a symmetric tensor. Their background values are ηµν and 0, respectively. So, to first
order
gµν = ηµν + hµν , fµν = kµν (75)
In matrix notation the inverse of G, G−1, is defined by
G−1 = gˆ + γ5fˆ , G−1G = 1, GˆµλGλν = δµν (76)
8We use at times the suggestive terminology axial-complex for an expression like Gµν , axial-real for gµν and
axial-imaginary for fµν . This alludes to a geometrical interpretation, which is however not necessary to expand
on in this paper.
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which implies
gˆf + fˆg = 0, gˆg + fˆf = 1. (77)
That is
fˆ = −gˆfg−1, gˆ = (g − fg−1f)−1 (78)
So
gˆ = (1− g−1 fg−1f)−1g−1, fˆ = −(1− g−1f g−1f)−1g−1f g−1 (79)
Keeping up to second order terms:
gµν = ηµν − hµν + hµλhλν + . . .
gˆµν = ηµν − hµν + hµλhλν + kµλkλν + . . .
fˆµν = −kµν + hµλkλν + kµλhλν + . . . (80)
6.2 MAT vierbein
Likewise for the vierbein one writes
Eaµ = e
a
µ + γ5c
a
µ, Eˆ
µ
a = eˆ
µ
a + γ5cˆ
µ
a (81)
This implies
ηab
(
eaµe
b
ν + c
a
µc
b
ν
)
= gµν , ηab
(
eaµc
b
ν + e
a
νc
b
µ
)
= fµν (82)
Moreover, from EˆµaEaν = δ
µ
ν ,
eˆµac
a
ν + cˆ
µ
ae
a
ν = 0, eˆ
µ
ae
a
ν + cˆ
µ
ac
a
ν = δ
µ
ν , (83)
one gets
eˆµa =
(
1
1− e−1c e−1ce
−1
)µ
a
(84)
and
cˆµa = −
(
e−1c
1
1− e−1c e−1ce
−1ce−1
)µ
a
(85)
In accord with (75) we have
eaµ = δ
a
µ +
1
2
haµ −
1
8
(hh+ kk)aµ +
1
16
(h3 + khk + hk2 + k2h)aµ + . . . (86)
eˆµa = δ
µ
a −
1
2
hµa +
3
8
(hh+ kk)µa −
5
16
(h3 + khk + hk2 + k2h)µa + . . .
caµ =
1
2
kaµ −
1
8
(hk + kh)aµ +
1
16
(k3 + hkh + h2k + kh2)aµ + . . .
cˆµa = −
1
2
kµa +
1
16
(hk + kh)µa −
5
16
(k3 + hkh + h2k + kh2)µa + . . .
or
Eaµ = δ
a
µ +
1
2
haµ −
1
8
(hh+ kk)aµ + γ5
(
1
2
kaµ −
1
8
(hk + kh)aµ
)
+ . . . (87)
Eˆµa = δ
µ
a −
1
2
hµa +
3
8
(hh+ kk)µa − γ5
(
1
2
kµa −
3
8
(hk + kh)µa
)
+ . . .
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6.3 Christoffel and Riemann
The ordinary Christoffel symbols are
γλµν =
1
2
gλρ (∂µgρν + ∂νgρµ − ∂ρgµν) (88)
The MAT Christoffel symbols are defined in a similar way
Γλµν =
1
2
Gˆλρ (∂µGρν + ∂νGρµ − ∂ρGµν) (89)
=
1
2
(
gˆλρ (∂µgρν + ∂νgρµ − ∂ρgµν) + fˆλρ (∂µfρν + ∂νfρµ − ∂ρfµν)
)
+
1
2
γ5
(
gˆλρ (∂µfρν + ∂νfρµ − ∂ρfµν) + fˆλρ (∂µgρν + ∂νgρµ − ∂ρgµν)
)
≡ Γ(1)λµν + γ5Γ(2)λµν
Up to order two in h and k these become
Γ(1)λµν =
1
2
(
∂µh
λ
ν + ∂νh
λ
µ − ∂λhµν
−hλρ (∂µhνρ + ∂νhµρ − ∂ρhµν)− kλρ (∂µkνρ + ∂νkµρ − ∂ρkµν)
)
+ . . . (90)
Γ(2)λµν =
1
2
(
∂µk
λ
ν + ∂νk
λ
µ − ∂λkµν
−hλρ (∂µkνρ + ∂νkµρ − ∂ρkµν)− kλρ (∂µhνρ + ∂νhµρ − ∂ρhµν)
)
+ . . . (91)
Proceeding the same way one can define the MAT Riemann tensor via Rµνλρ:
Rµνλρ = −∂µΓρνλ + ∂νΓρµλ − ΓρµσΓσνλ + ΓρνσΓσµλ (92)
= −∂µΓ(1)ρνλ + ∂νΓ(1)ρµλ − Γ(1)ρµσ Γ(1)σνλ + Γ(1)ρνσ Γ(1)σµλ − Γ(2)ρµσ Γ(2)σνλ + Γ(2)ρνσ Γ(2)σµλ
+γ5
(
− ∂µΓ(2)ρνλ + ∂νΓ(2)ρµλ − Γ(1)ρµσ Γ(2)σνλ + Γ(1)ρνσ Γ(2)σµλ − Γ(2)ρµσ Γ(1)σνλ + Γ(2)ρνσ Γ(1)σµλ
)
≡ R(1)µνλρ + γ5R(2)µνλρ
The MAT spin connection is introduced in analogy
Ωabµ = E
a
ν
(
∂µEˆ
νb + EˆσbΓνσµ
)
(93)
= Ω(1)abµ + γ5Ω
(2)ab
µ
where
Ω(1)abµ = e
a
ν
(
∂µeˆ
νb + eˆσbΓ(1)νσµ + cˆ
bσΓ(2)νσµ
)
+ caν
(
∂µcˆ
νb + eˆσbΓ(2)νσµ + cˆ
bσΓ(1)νσµ
)
(94)
Ω(2)abµ = e
a
ν
(
∂µcˆ
νb + eˆσbΓ(2)νσµ + cˆ
bσΓ(1)νσµ
)
+ caν
(
∂µeˆ
νb + eˆσbΓ(1)νσµ + cˆ
bσΓ(2)νσµ
)
(95)
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6.4 Transformations. Diffeomorphisms
Under diffeomorphisms, δxµ = ξµ, the Christoffel symbols transform as tensors except for one
non-covariant piece
δ
(n.c.)
ξ γ
λ
µν = ∂µ∂νξ
λ (96)
The same happens for the MAT Christoffel symbols
δ
(n.c.)
ξ Γ
λ
µν = ∂µ∂νξ
λ (97)
This means in particular that Γ
(2)λ
µν is a tensor.
It is more convenient to introduces also axial diffeomorphisms and use the following compact
notation. The axially-extended (AE) diffeomorphisms are defined by
xµ → xµ + Ξµ, Ξµ = ξµ + γ5ζµ (98)
Since operationally these transformations act the same way as the usual diffeomorphisms, it is
easy to obtain for the non-covariant part
δ(n.c.)Γλµν = ∂µ∂νΞ
λ (99)
We can also write
δΞGµν = DµΞν +DνΞµ (100)
where Ξµ = GµνΞ
ν .
In components one easily finds
δξgµν = ξ
λ∂λgµν + ∂µξ
λgλν + ∂νξ
λgλµ (101)
δξfµν = ξ
λ∂λfµν + ∂µξ
λfλν + ∂νξ
λfλµ
δζgµν = ζ
λ∂λfµν + ∂µζ
λfλν + ∂νζ
λfλµ (102)
δζfµν = ζ
λ∂λgµν + ∂µζ
λgλν + ∂νζ
λgλµ
Summarizing
δ
(n.c.)
ξ Γ
(1)λ
µν = ∂µ∂νξ
λ, δ
(n.c.)
ξ Γ
(2)λ
µν = 0 (103)
δ
(n.c.)
ζ Γ
(1)λ
µν = 0, δ
(n.c.)
ζ Γ
(2)λ
µν = ∂µ∂νζ
λ
and the overall Riemann and Ricci tensors are tensor, and the Ricci scalar R is a scalar. But
also R(1) and R(2), separately, have the same tensorial properties.
6.5 Transformations. Weyl transformations
There are two types of Weyl transformations. The first is the obvious one
Gµν −→ e2ωGµν , Gˆµν → e−2ωGˆµν (104)
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and
Eaµ −→ eωEaµ, Eˆµa → e−ωEˆµa (105)
This leads to the usual relations
Γλµν −→ Γλµν + ∂µω δλν + ∂νω δλµ − ∂ρω GˆλρGµν (106)
and
Ωabµ −→ Ωabµ +
(
EaµEˆ
σb − EbµEˆσa
)
∂σω (107)
For infinitesimal ω this implies
δωgµν = 2ω gµν , δωfµν = 2ω fµν (108)
δ(0)ω hµν = 2ωηµν , δ
(1)
ω hµν = 2ωhµν , . . .
δ(0)ω kµν = 0, δ
(1)
ω kµν = 2ωkµν , . . .
The second type of Weyl transformation is the axial one
Gµν −→ e2γ5ηGµν , Gˆµν → e−2γ5ηGˆµν (109)
and
Eaµ −→ eγ5ηEaµ, Eˆµa → e−γ5ηEˆµa (110)
This leads to
Γλµν −→ Γλµν + γ5
(
∂µη δ
λ
ν + ∂νη δ
λ
µ − ∂ρη GˆλρGµν
)
(111)
and
Ωabµ −→ Ωabµ + γ5
(
EaµEˆ
σb − EbµEˆσa
)
∂ση (112)
Eq.(109) implies
gµν −→ cosh(2η) gµν + sinh(2η) fµν , fµν −→ cosh(2η) fµν + sinh(2η) gµν (113)
which, for infinitesimal η becomes
δηgµν = 2η fµν , δ
(0)
η hµν = 0, δ
(1)
η hµν = 2η kµν , . . .
δηfµν = 2η gµν , δ
(0)
η kµν = 2η ηµν , δ
(1)
η kµν = 2η hµν , . . . (114)
6.6 Volume density
The ordinary density
√
|g| is replaced by√
|G| =
√
det(G) =
√
det(g + γ5f) (115)
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The expression in the RHS has to be understood as a formal Taylor expansion in terms of the
axial-complex variable g + γ5f . This means
tr ln(g + γ5f) = tr ln g + tr ln
(
1 + γ5(g
−1f)
)
= tr ln g +
1
2
tr ln
(
1− (g−1f)2)+ γ5 tr arcth(g−1f) (116)
=
1 + γ5
2
tr ln(g + f) +
1− γ5
2
tr ln(g − f)
It follows that√
|G| = e 12 tr ln(g+γ5f) = e
1
2
(
1+γ5
2
tr ln(g+f)+
1−γ5
2
tr ln(g−f)
)
=
1
2
(√
det(g + f) +
√
det(g − f)
)
+
γ5
2
(√
det(g + f)−
√
det(g − f)
)
(117)√
|G| has the basic property that, under diffeomorphisms,
δξ
√
|G| = ξλ∂λ
√
|G|+
√
|G| ∂λξλ (118)
This is a volume density, and has the following properties√
|G| → e4ω
√
|G|,
√
|G| → e4ηγ5
√
|G|, (119)
under Weyl and axial-Weyl transformations, respectively. Moreover
1√
|G|∂ν
√
|G| = 1
2
Gˆµλ∂νGµλ = Γ
µ
µν (120)
7 Axial fermion theories
From the above it is evident that the action for fermion a fermion field in interaction with
MAT cannot be written in the classical form
∫
d4x
√
|g|ψOψ, as in the case of ordinary gravity,
where O is the usual operatorial kinetic operator in the presence of gravity, because in the
MAT case
√|G| contains the γ5 matrix. Instead, √|G| must be inserted between ψ and ψ.
Moreover we have to take into account that the that the kinetic operator contains a γ matrix
that anticommutes with γ5. Thus, for instance, using DλGµν = 0 and (Dλ + 12Ωλ)E = 0, where
D = ∂ + Γ, one gets
ψγaEˆma
(
∂m +
1
2
Ωm
)
ψ = ψ(D¯µ +
1
2
Ω¯m)γ
aEˆma ψ (121)
where a bar denotes axial-complex conjugation, i.e. a sign reversal in front of each γ5 contained in
the expression, for instance Ω¯m = Ω
(1)
m − γ5Ω(2)m . The reader should be aware that, in particular,
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a concise notation like Dµγλ is ambiguous. The MAT fermion action is now
S =
∫
d4x iψ
√
|G¯|γaEˆma
(
∂m +
1
2
Ωm
)
ψ (122)
=
∫
d4x iψ
√
|G¯|γa(eˆma + γ5cˆma )
(
∂m +
1
2
(
Ω(1)m + γ5Ω
(2)
m
))
ψ
=
∫
d4xψ
√
|G¯|(eˆma − γ5cˆma )
[
i
2
γa
↔
∂m +
i
4
(
γaΩm + Ω¯mγ
a
)]
ψ
=
∫
d4xψ
√
|G¯|(eˆma − γ5cˆma )
[
i
2
γa
↔
∂m − 1
4
ǫabcd
(
Ω
(1)
mbcγdγ5 +Ω
(2)
mbcγd
)]
ψ
where it is understood that ∂m applies only to ψ or ψ, as indicated, and G¯ denotes the axial-
complex conjugate. To obtain this one must use (120) and (121).
7.1 Classical Ward identities
Let us consider AE diffeomorphisms first, (98). It is not hard to prove that the action (122) is
invariant under these transformations. Now, define the full MAT e.m. tensor by means of
Tµν =
2√|G|
←
δ S
δGµν
(123)
This formula needs a comment, since
√
|G| contains γ5. To give a meaning to it we understand
that the operator 2√|G|
←
δ
δGµν
in the RHS acts on the operatorial expression, say O√|G|, which
is inside the scalar product, i.e. ψO
√
|G|ψ. Moreover the functional derivative acts from the
right of the action. Now the conservation law under diffeorphisms is
0 = δΞS =
∫
ψ
←
δ O
δGµν
δGµνψ =
∫
ψ
←
δ O
δGµν
(DµΞν +DνΞµ)ψ
= −2
∫
ψ
←
δ O
δGµν
←
DµΞνψ (124)
where D acts (from the right) on everything except the parameter Ξν . Differentiating with
respect to the arbitrary parameters ξµ and ζν we obtain two conservation laws involving the
two tensors
T µν = 2ψ
←
δ O
δGµν
ψ (125)
T µν5 = 2ψ
←
δ O
δGµν
γ5ψ (126)
At the lowest order the latter are given by eqs.(148),(149) below.
Repeating the same derivation for the axial complex Weyl trasformation one can prove that,
assumimg for the fermion field the trasnformation rule
ψ → e− 32 (ω+γ5η)ψ, (127)
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(122) is invariant and obtain the Ward identity
0 =
∫
ψ
←
δ O
δGµν
Gµν (ω + γ5η)ψ (128)
We obtain in this way two WI’s
T µνgµν + T
µν
5 fµν = 0, (129)
T µνfµν + T
µν
5 gµν = 0, (130)
7.2 A simplified version
A simplified approach to the trace anomaly calculation consists first in absorbing
√
|G| in ψ by
setting Ψ = |G| 14ψ and thereby assuming the transformation properties
δΞΨ = Ξ
µ∂µΨ+
1
2
DµΞ
µΨ (131)
for AE diffeomorphisms, and
δω+γ5Ψ = e
1
2
ω+γ5ηΨ, (132)
for axial-complex Weyl transformations.
To arrive at an expanded action one uses (75,86), up to second order, and finds
Ω(1)abµ =
1
2
(
∂bhaµ − ∂ahbµ
)
+
1
4
(
hσa∂σh
b
µ − hσb∂σhaµ + hbσ∂ahσµ − haσ∂bhσµ
)
−1
8
(
haσ∂µh
b
σ − hbσ∂µhaσ
)
− 1
8
(
kaσ∂µk
b
σ − kbσ∂µkaσ
)
+
1
4
(
kσa∂σk
b
µ − kσb∂σkaµ + kbσ∂akσµ − kaσ∂bkσµ
)
+ . . . (133)
and
Ω(2)abµ =
1
2
(
∂bkaµ − ∂akbµ
)
+
1
4
(
hσa∂σk
b
µ − hσb∂σkaµ + hbσ∂akσµ − haσ∂bkσµ
)
−1
8
(
haσ∂µk
b
σ − hbσ∂µkaσ
)
− 1
8
(
kaσ∂µh
b
σ − kbσ∂µhaσ
)
+
1
4
(
kσa∂σh
b
µ − kσb∂σhbµ + kbσ∂ahσµ − kaσ∂bhσµ
)
+ . . . (134)
In particular
ǫµabcΩ
(1)
µab = −
1
4
ǫµabc (hσa∂bhµσ + k
σ
a∂bkµσ) + . . . (135)
ǫµabcΩ
(2)
µab = −
1
4
ǫµabc (hσa∂bkµσ + k
σ
a∂bhµσ) + . . . (136)
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Up to order two in h and k we have
S =
∫
d4xψ|G¯| 14 (eˆma − γ5cˆma )
[
i
2
γa
↔
∂m − 1
4
ǫabcd
(
Ω
(1)
mbcγdγ5 +Ω
(2)
mbcγd
)]
|G| 14ψ
=
∫
d4x
[ i
2
Ψγm
↔
∂mΨ− i
4
Ψ(hma − γ5kma )γa
↔
∂mΨ (137)
+
3i
16
Ψ
(
(k2)ma + (h
2)ma − γ5(hk + kh)ma
)
γa
↔
∂mΨ
+
1
16
ǫmabcΨ((hσa∂bhmσ + k
σ
a∂bkmσ) γcγ5 + (h
σ
a∂bkmσ + k
σ
a∂bhmσ)γc)Ψ
+
1
8
ǫabcdΨ(hma − γ5kma ) (∂chbmγdγ5 + ∂ckbmγd)Ψ
]
+ . . .
=
∫
d4x
[ i
2
Ψγm
↔
∂mΨ− i
4
Ψ(hma −γ5kma )γa
↔
∂mΨ
+
3i
16
Ψ
(
(k2)ma + (h
2)ma − γ5(hk + kh)ma
)
γa
↔
∂mΨ
− 1
16
ǫmabcΨ((hσa∂bhmσ + k
σ
a∂bkmσ) γcγ5 + (h
σ
a∂bkmσ + k
σ
a∂bhmσ)γc)Ψ
]
+ . . .
Here we do not report explicitly the terms cubic in h and k: they contains three powers of h
and/or k multiplied by ΨγµΨ or Ψγµγ5Ψ and possibly by the ǫ tensor. They contain one single
derivative, applied to either h, k or Ψ. These cubic terms will not affect our results.
7.3 Feynman rules
For a derivation of the Feynman rules in this case see B.3 and B.4. The fermion propagator is
i
/p+ iǫ
(138)
The two-fermion-h-graviton vertex is (Vffh):
− i
8
[
(p+ p′)µγν + (p + p′)νγµ
]
(139)
The axial two-fermion-k-graviton vertex is (Vffk):
− i
8
[
(p+ p′)µγν + (p + p′)νγµ
]
γ5 (140)
(p incoming, p′ outgoing). There are 6 2-fermion-2-graviton vertices:
1) V
(1)
ffhh:
3i
64
[ (
(p + p′)µγµ′ηνν′ + (p + p′)µγν′ηνµ′ + {µ↔ ν}
)
+
(
(p + p′)µ′γµηνν′ + (p + p′)µ′γνηµν′ + {µ′ ↔ ν ′}
) ]
(141)
2) V
(2)
ffkk:
29
3i
64
[ (
(p + p′)µγµ′ηνν′ + (p + p′)µγν′ηνµ′ + {µ↔ ν}
)
+
(
(p + p′)µ′γµηνν′ + (p + p′)µ′γνηµν′ + {µ′ ↔ ν ′}
) ]
(142)
3) V
(3)
ffhk:
3i
64
[ (
(p + p′)µγµ′ηνν′ + (p + p′)µγν′ηνµ′ + {µ↔ ν}
)
+
(
(p+ p′)µ′γµηνν′ + (p + p′)µ′γνηµν′ + {µ′ ↔ ν ′}
) ]
γ5 (143)
4) V
(1)ǫ
ffhh:
1
64
tµνµ′ν′κλ (k − k′)λγκ γ5 (144)
where t is the tensor (34).
5) V
(2)ǫ
ffkk:
1
64
tµνµ′ν′κλ (k − k′)λγκ γ5 (145)
6) V
(3)ǫ
ffhk:
1
64
tµνµ′ν′κλ (k − k′)λγκ (146)
The graviton momenta k, k′ are incoming.
As anticipated above, we dispense from writing down the vertices with three h, k legs. For
the purposes of this paper it is possible to dispose of them with a general argument, without
entering detailed calculations.
7.4 Trace anomalies - a simplified derivation
We will now derive the odd parity trace anomalies in the model (137), by considering only the
triangle diagram contributions and disregarding tadpoles and seagull terms. We will justify later
on this simplified procedure.
The overall effective action is
W [h, k] = W [0] +
∞∑
n,m=0
im+n−1
2n+mn!m!
∫ n∏
i=1
dxihµiνi(xi)
m∏
j=1
dyjkλjρj (yj)
·〈0|T T µ1ν1(x1) . . . T µnνn(xn)T λ1ρ15 (y1) . . . T λmρm5 (ym)|0〉 (147)
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where, in the simplified version of this section, the T operator in the time-ordered amplitudes
refer to the classical ones, i.e.
T µν ≡ T µν(0,0) = −
i
4
(
ψγµ
↔
∂νψ + µ↔ ν
)
, (148)
and
T µν5 ≡ T µν5(0,0) =
i
4
(
ψγ5γ
µ
↔
∂νψ + µ↔ ν
)
, (149)
The quantum Ward identities for the Weyl and axial Weyl symmetry are obtained by re-
placing the classical e.m. tensor expressions with the one-loop one-point functions in (129) and
(130)
T(x) ≡ 〈〈T µν〉〉gµν + 〈〈T µν5 〉〉fµν = 0, i.e. 〈〈T µµ 〉〉+ . . . = 0 (150)
and
T5(x) ≡ 〈〈T µν〉〉fµν + 〈〈T µν5 〉〉gµν = 0, i.e. 〈〈T µ5µ〉〉+ . . . = 0 (151)
In the present simplified setup the relevant one-loop one-point functions are
〈〈T µν(x)〉〉 =
∞∑
n,m=0
im+n
2n+mn!m!
∫ n∏
i=1
dxihµiνi(xi)
m∏
j=1
dyjkλjρj (yj)
·〈0|T T µν(x)T µ1ν1(x1) . . . T µnνn(xn)T λ1ρ15 (y1) . . . T λmρm5 (ym)|0〉 (152)
and
〈〈T µν5 (x)〉〉 =
∞∑
n,m=0
im+n
2n+mn!m!
∫ n∏
i=1
dxihµiνi(xi)
m∏
j=1
dyjkλjρj (yj)
·〈0|T T µν5 (x)T µ1ν1(x1) . . . T µnνn(xn)T λ1ρ15 (y1) . . . T λmρm5 (ym)|0〉 (153)
In particular for the trace anomalies, at level O(h2, hk, k2), we have
〈〈T µµ (x)〉〉(2) = −
1
8
∫
dx1dx2hµ1ν1(x1)hµ2ν2(x2)〈0|T T µµ (x)T µ1ν1(x1)T µ2ν2(x2)|0〉
−1
4
∫
dx1dyhµ1ν1(x1)kλρ(y)〈0|T T µµ (x)T µ1ν1(x1)T λρ5 (y)|0〉 (154)
−1
8
∫
dy1dy2kλ1ρ1(y1)kλ2ρ2(y2)〈0|T T µµ (x)T λ1ρ15 (y1)T λ2ρ25 (y2)|0〉
and
〈〈T5µµ(x)〉〉(2) = −1
8
∫
dx1dx2hµ1ν1(x1)hµ2ν2(x2)〈0|T T5µµ(x)T µ1ν1(x1)T µ2ν2(x2)|0〉
−1
4
∫
dxdyhµ1ν1(x1)kλρ(y)〈0|T T5µµ(x)T µ1ν1(x1)T λρ5 (y)|0〉 (155)
−1
8
∫
dy1dy2kλ1ρ1(y1)kλ2ρ2(y2)〈0|T T5µµ(x)T λ1ρ15 (y1)T λ2ρ25 (y2)|0〉
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It is clear that only the terms containing an odd number of T5 will contribute to the odd parity
trace anomaly.
The three-point functions (154,155) are given by the ordinary triangle diagrams. All such
diagrams give the same contribution
∼
(
k1 ·k2 tµνµ′ν′λρ − t(21)µνµ′ν′λρ
)
kλ1k
ρ
2 (156)
where
t
(21)
µνµ′ν′κλ = k2µk1µ′ǫνν′κλ + k2νk1ν′ǫµµ′κλ + k2µk1ν′ǫνµ′κλ + k2νk1µ′ǫµν′κλ (157)
Upon Fourier-anti-transforming and replacing in (154) we get:
〈〈T µµ (x)〉〉(2) = −2Nǫµνλρ
(
∂µ∂σh
τ
ν ∂λ∂τk
σ
ρ − ∂µ∂σhτν ∂λ∂σkτρ
)
(158)
and in (155) we get:
〈〈T5µµ(x)〉〉(2) = −2N
[1
2
ǫµνλρ
(
∂µ∂σh
τ
ν ∂λ∂τh
σ
ρ − ∂µ∂σhτν ∂λ∂σhτρ
)
(159)
+
1
2
ǫµνλρ
(
∂µ∂σk
τ
ν ∂λ∂τk
σ
ρ − ∂µ∂σkτν ∂λ∂σkτρ
) ]
where N is the constant that appears in front of the Pontryagin anomaly in [1], i.e. N = i768π2 .
Covariantizing these expressions we get
Θµµ ≡
∫
ω〈〈T µµ (x)〉〉 = N
∫
ωǫµνλρR(1)µν στR(2)λρστ (160)
Θ5µ
µ ≡
∫
η〈〈T5µµ(x)〉〉 = N
2
∫
η ǫµνλρ
(
R(1)µν στR(1)λρστ +R(2)µν στR
(2)
λρστ
)
(161)
The important remark is now that the odd parity trace anomaly, in an ordinary theory of
Weyl fermions, can be calculated using the above theory of Dirac fermions coupled to MAT
gravity and setting at the end hµν → hµν2 , kµν →
hµν
2 and ω = η, for left-handed Weyl fermions,
and hµν → hµν2 , kµν → −
hµν
2 for right-handed ones. We will refer to these as collapsing limits.
7.5 What happens when hµν → hµν2 , kµν → hµν2 .
Let us show that in the collapsing limit hµν → hµν2 , kµν → hµν2 we have the following results:
Γ(1)λµν →
1
2
γλµν , Γ
(2)λ
µν →
1
2
γλµν (162)
This is evident in the approximate expressions (90,91), but it can be proved in general. To order
n in the expansion of h and k of Γ
(1)λ
µν we are going to have a first term of order n in h alone,
then
(
n
2
)
of order n− 2 in h and order 2 in k, then
(
n
4
)
of order n− 4 in h and order 4 in k,
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and so on, up to order [n/2] in h. In the collapsing limit, all these terms collapse to the first
term of order n in h divided by 2n. In total they are
[n/2]∑
k=0
(
n
2k
)
= 2n−1 (163)
Therefore they give the order n term in h of γλµν divided by 2. A similar proof holds for Γ
(2)λ
µν .
Looking at the definition (92) of the curvatures R(1)µνλρ and R(2)µνλρ one easily sees that in the
collapsing limit
R(1)µνλρ →
1
2
Rµνλ
ρ, R(2)µνλρ →
1
2
Rµνλ
ρ, (164)
where Rµνλ
ρ is the curvature of gµν .
In a similar way, using (133,134), one can show that
Ω(1)abµ →
1
2
ωabµ , Ω
(2)ab
µ →
1
2
ωabµ (165)
Notice also that in the collapsing limit
gµν + fµν = ηµν + hµν + kµν → gµν
gµν − fµν = ηµν + hµν − kµν → ηµν (166)
so that √
|G| → 1− γ5
2
+
1 + γ5
2
√
|g|, (167)
and
Eam → δam
1− γ5
2
+ eam
1 + γ5
2
, Eˆma → δma
1− γ5
2
+ eˆma
1 + γ5
2
. (168)
¿From the above follows that the action (137) tends to
S =
∫
d4x iΨγaEˆma (∂m +
1
2
Ωm)Ψ (169)
−→
∫
d4x
[
iΨγm
1− γ5
2
∂mΨ+ iΨγ
aeˆma
(
∂m +
1
2
ωm
)
1 + γ5
2
Ψ
]
As for the opposite handedness one notices that, if hµν → hµν2 , kµν → −hµν2 , we have
Ω(1)abµ →
1
2
ωabµ , Ω
(2)ab
µ → −
1
2
ωabµ (170)
and in (168) the sign in front of γ5 is reversed. Therefore the limiting action is
S′ =
∫
d4x
[
iΨγa
1 + γ5
2
∂aΨ+ iΨγ
aeˆma
(
∂m +
1
2
ωm
)
1− γ5
2
Ψ
]
(171)
We recall that γa is the flat (non-dynamical) gamma matrix.
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Concerning the energy-momentum tensor, from the definitions (125,126), in the collapsing
limit both T µν and T µν5 become
T
′µν(x) = 4
δS′
δhµν(x)
(172)
As a consequence (150) and (151) collapse to the same expression
T(x)→ 〈〈T ′µν〉〉gµν ≡ T′(x) (173)
and
T5(x)→ 〈〈T ′µν〉〉gµν ≡ T′(x) (174)
that is, there is only one trace Ward identity.
7.6 The Pontryagin anomaly
As pointed out above the odd parity trace anomaly in an ordinary theory of Weyl fermions can
be calculated, to first order, using the above theory of Dirac fermions coupled to MAT gravity
and calculating the collapsing limit of the Weyl anomaly for a Dirac fermion coupled to MAT
gravity. The collapsing limit of the relevant action reproduces the action for Weyl fermions
S′ =
∫
d4x
√
|g|
[ i
2
ψLγ
m
↔
∂mψL − i
4
ωµabcψLγcγ5ψL
]
(175)
up to a right-handed kinetic term, which is however harmless due to the presence of the PL
projector in the vertices. Inserting the replacements into either (160) or (161)we find
T
′(x) =
N
4
ǫµνλρRµν
στRλρστ (176)
This is not yet the correct result for one must take into account the different combinatorics in
(147) and in
W [h] = W [0] +
∞∑
n=0
in−1
2nn!
∫ n∏
i=1
dxihµiνi(xi)〈0|T T µ1ν1(x1) . . . T µnνn(xn)|0〉 (177)
which is appropriate for (175)9. This amounts to multiplying (176) by a factor of 2. Therefore,
finally the anomaly is
T(x) =
N
2
ǫµνλρRµν
στRλρστ (178)
which is the already found Pontrygin anomaly.
In the case of right-handed fermions the anomaly is the same, but with reversed sign. Thus
the odd trace anomaly for Dirac fermions vanishes. This is confirmed by the following subsection.
9The factor 1
2n
in the RHS must be properly interpreted. When inserting the results for the n-point functions
in (177), one should recall that the vertex (139) contains already a 1
2
factor in it with respect to the e.m. tensor:
symbolically we could write Vffh =
1
2
T˜ , where T˜ is the Fourier transform of the e.m. tensor with fields replaced by
corresponding plane waves. A simple practical recipe is to just forget factor 1
2n
in (177), as was done, somewhat
sloppily, in [1]. The same holds also for the formula (147).
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7.7 Odd trace anomaly in the Dirac and Majorana case
¿From the results (160,161) we can draw other conclusions. The action (122) reduces to the
usual Dirac action if we set fµν = 0, and to the Majorana action if ψ satisfies the Majorana
condition. From (160) we have the confirmation that the odd trace anomaly of these theories
vanishes. But we also see that in both cases there is an anomaly in the axial energy-momentum
tensor.
Θ5µ
µ =
N
2
∫
η ǫµνλρRµν
στRλρστ (179)
for the Dirac case and 12 of it in the Majorana case. This is a new result. This anomaly is the
analog in the trace case of the Kimura-Delbourgo-Salam anomaly for the axial current.
8 Odd trace anomalies (the complete calculation)
Now we would like to justify the assumption made above, according to which only triangle dia-
grams provide a nonvanishing contribution to the odd trace anomaly. The complete calculation
requires taking into account all the tadpoles and seagull terms that arise from the action (122).
We start with the quantum Ward identity (150,151)
8.1 Trace Ward indentity
We need to expand this Ward identity in series of h and k. The expanded versions is written
down in appendix B.5. Since eventually we are interested only in the odd terms we will drop
all the terms that we already know are even or vanish (the vev of T µν(0,0)(x) and T
µν
5(0,0)(x), the
two-point functions of the em and axial em tensor, as well as the vev of the second and third
derivatives of S). In this way the WI’s get simplified as follows
T(1,1)(x, x1, y1) ≡ T(1,1)µµ1ν1λ1ρ1µ (x, x1, y1) = 0 (180)
T(2,0)(x, x1, x2) ≡ T(2,0)µµ1ν1µ2ν2µ (x, x1, x2) = 0 (181)
T(0,2)(x, y1, y2) ≡ T(0,2)µλ1ρ1λ2ρ2µ (x, y1, y2) = 0 (182)
. . .
and
T5(1,1)(x, x1, y1) ≡ T5(1,1)µµ1ν1λ1ρ1µ (x, x1, y1) = 0 (183)
T5(2,0)(x, x1, x2) ≡ T5(2,0)µµ1ν1µ2ν2µ (x, x1, x2) = 0 (184)
T5(0,2)(x, y1, y2) ≡ T5(0,2)µµλ1ρ1λ2ρ2(x, y1, y2) = 0 (185)
. . .
These are the Ward identities in the absence of anomalies, but we expect the rhs’s of all these
identities to be in fact different from zero at one-loop. The odd parity anomaly can be present
only in the rhs of (180 ,184) and (185 ): the remaining two cannot contain the ǫ tensor linearly.
After such a repeated trimming, the relevant WI for our purposes are (180 ,184) and (185 ), and
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the terms that need to be closely scrutinized are
T µνµ1ν1λ1ρ1(1,1) (x, x1, y1) = −〈0|T T µν(0,0)(x)T µ1ν1(0,0) (x1)T λ1ρ15(0,0)(y1)|0〉
+4i〈0|T T λρ1
5(0,0)
(y1)
δ2S
δhµν (x)δhµ1ν1(x1)
|0〉+ 4i〈0|T T µ1ν1
(0,0)
(x1)
δ2S
δkλ1ρ1(y1)δhµν(x)
|0〉
+4i〈0|T T µν(0,0)(x)
δ2S
δkλ1ρ1(y1)δkµ1ν1(x1)
|0〉, (186)
together with
T λρµ1ν1µ2ν25(2,0) (x, x1, x2) = −〈0|T T λρ5(0,0)(x)T µ1ν1(0,0) (x1)T µ2ν2(0,0) (x2)|0〉
+4i〈0|T T µ1ν1(0,0) (x1)
δ2S
δkλρ(x)δhµ2ν2(x2)
|0〉+ 4i〈0|T T µ2ν2(0,0) (x2)
δ2S
δhµ1ν1(x1)δkλρ(x)
|0〉
+4i〈0|T T λρ5(0,0)(x)
δ2S
δhµ1ν1(x1)δhµ2ν2(x2)
|0〉 (187)
and
T λρλ1ρ1λ2ρ25(0,2) (x, y1, y2) = −〈0|T T
λρ
5(0,0)(x)T
λ1ρ1
5(0,0)(y1)T
λ2ρ2
5(0,0)(y2)|0〉
+4i〈0|T T λ1ρ15(0,0)(y1)
δ2S
δkλρ(x)δkλ2ρ2(y2)
|0〉+ 4i〈0|T T λ2ρ25(0,0)(y2)
δ2S
δkλ1ρ1(y1)δkλρ(x)
|0〉
+4i〈0|T T λρ5(0,0)(x)
δ2S
δkλ1ρ1(y1)δkλ2ρ2(y2)
|0〉 (188)
The terms above that contain the second derivative of S are bubble diagrams where one
vertex has two external h and/or k graviton lines. These diagrams are similar to those already
met above and in [1], and can be shown to similarly vanish, see appendix C.1.1 and C.1.2.
Therefore we are left with
T(1,1)(x, x1, y1) = −〈0|T T(0,0)µµ(x)T µ1ν1(0,0) (x1)T λ1ρ15(0,0)(y1)|0〉 (189)
T5(2,0)(x, x1, x2) = −〈0|T T5(0,0)λλ(x)T µ1ν1(0,0) (x1)T µ2ν2(0,0) (x2)|0〉 (190)
T5(0,2)(x, y1, y2) = −〈0|T T5(0,0)λλ(x)T λ1ρ15(0,0)(y1)T
λ2ρ2
5(0,0)(y2)|0〉 (191)
which are the intermediate results already obtained above. From this point on the calculation
proceeds as in section 7.4.
9 Conclusion
In this paper we have dealt with two subjects: the odd parity trace anomaly in chiral fermion
theories in a 4d curved background and the introduction of an axial ’metric’ beside the familiar
gravity metric. We have recalculated the first with the Feynman diagram method in a more
complete way, by including in the computation also tadpole and seagull terms. We have verified
that the latter do not modify the result of [1]. To do so we have also recalculated the Ward
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identity for diffeomorphims. In this paper we have constantly been using DR, leaving to a
future investigation the discussion of other regularizations. The other important topic of this
paper is the introduction of MAT (metric-axial-metric) gravity and the relevant formalism.
MAT gravity may have of course an autonomous development and could be studied as a new
bimetric model, with the new characteristics that it interacts also axially with fermions. We
postpone this analysis to a future work. In this paper we have utilized MAT gravity in order to
disentangle the thorny issue of the path integral measure in a theory of chiral fermions. In fact
MAT gravity interact naturally with Dirac fermions. We have shown that one can compute the
trace anomalies of a theory of Dirac fermions coupled to a background MAT gravity and, then,
recover the results for a chiral fermion theory coupled to ordinary gravity by simply taking a
(smooth) limit. We have shown that in this way one obtains the same results as in [1].
Finally, let us remark that in this paper we did not verify the Ward identity for two types
of diffeomorphisms in MAT background, much as was done in section 4. From consolidated
experience we believe that this will not modify the trace anomalies of the model, but the problem
is interesting in itself. Can there be anomalies of the Einstein-Lorentz type in one of the Ward
identities? This is an intriguing problem we leave for the future.
Acknowledgements. L.B. would like to thank the Yukawa Institute for Theoretical Physics,
Kyoto and the KEK Theory Center, KEK, Tsukuba, where he carried out most of this research,
for their kind hospitality and support. We would like to thank Fiorenzo Bastianelli for a useful
exchange of messages. This research has been supported by the Croatian Science Founda-
tion under the project No. 8946 and by the University of Rijeka under the research support
No. 13.12.1.4.05. Finally, A.D.P. is grateful to CAPES and CNPq for support.
Appendices
A The triangle diagram
In this Appendix we derive in more detail the result of [1]. Employing the Feynman rules of the
free chiral fermion coupled to an external gravitational field, the contribution from the triangle
diagram is expressed as
Tµνµ′ν′(k1, k2) =
∫
d4p
(2π)4
Tr
{
i
8
[(2p − k1)µγν + (µ↔ ν)]
(
1 + γ5
2
)
i
(/p− /k1) + iǫ
× i
8
[
(2p − 2k1 − k2)µ′γν′ + (µ′ ↔ ν ′)
] (1 + γ5
2
)
i
(/p− /k1 − /k2) + iǫ
× i
4
(2/p − /k1 − /k2)
(
1 + γ5
2
)
i
/p+ iǫ
}
. (192)
Using the properties of the gamma matrices, one obtains10
10We have dropped the iǫ factor in the denominators, for convenience.
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Tµνµ′ν′(k1, k2) = − 1
256
∫
d4p
(2π)4
Tr
{[
/p
p2
(2p− k1)µγν + (µ↔ ν)
]
(/p − /k1)
(p− k1)2
[
(2p − 2k1 − k2)µ′γν′
+ (µ′ ↔ ν ′)] (/p− /k1 − /k2)
(p− k1 − k2)2 (2/p −
/k1 − /k2)
(
1 + γ5
2
)}
. (193)
Clearly, such an integral is ultraviolet divergent. In order to proceed with the computation, we
employ dimensional regularization, where additional components are added to the momentum,
namely, p→ p+ ℓ, where ℓ = (ℓ4, . . . , ℓn−4). This implies, in particular,
γµpµ −→ γµpµ + γµ¯ℓµ¯ , (194)
with µ¯ ∈ {4, . . . , n− 4}. Hence, eq.(193) is replaced by
Tµνµ′ν′(k1, k2) = − 1
256
∫
d4p
(2π)4
∫
dn−4ℓ
(2π)n−4
Tr
{[
/p+ /ℓ
p2 − ℓ2 (2p− k1)µγν + (µ↔ ν)
]
(/p + /ℓ − /k1)
(p− k1)2 − ℓ2
× [(2p− 2k1 − k2)µ′γν′ + (µ′ ↔ ν ′)] (/p + /ℓ − /k1 − /k2)
(p− k1 − k2)2 − ℓ2 (2/p+ 2
/ℓ − /k1 − /k2)︸ ︷︷ ︸
(∗)
×
(
1 + γ5
2
)}
. (195)
Expression (195) is now regularized and we can continue with the computation of the diagram.
In order to simplify our analysis a bit, we ignore the identity in the projector (1 + γ5)/2 since
we are concerned with the parity odd part contribution of the diagram, which is encoded in the
γ5 sector. Also, we omit the symmetrizations in (µ ↔ ν) and in (µ′ ↔ ν ′) for the time being
and reintroduce them later on.
Let us take the term (∗) and define q = k1 + k2. It is simple to check that
(∗) = (/p +
/ℓ − /q)
(p− q)2 − ℓ2 (2/p+ 2/ℓ − /q) = 1 +
/p− /ℓ
/p+ /ℓ − /q
+
2/ℓ
/p+ /ℓ − /q
, (196)
and plugging it into eq.(195), one ends up with
Tµνµ′ν′(k1, k2) = T
(1)
µνµ′ν′(k1, k2) + T
(2)
µνµ′ν′(k1, k2) + T˜µνµ′ν′(k1, k2) , (197)
with
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T
(1)
µνµ′ν′(k1, k2) = −
1
256
∫
d4p
(2π)4
∫
dn−4ℓ
(2π)n−4
Tr
[
/p+ /ℓ
p2 − ℓ2 (2p − k1)µγν
(/p+ /ℓ − /k1)
(p− k1)2 − ℓ2
× (2p − 2k1 − k2)µ′γν′ γ5
2
]
,
T
(2)
µνµ′ν′(k1, k2) = −
1
256
∫
d4p
(2π)4
∫
dn−4ℓ
(2π)n−4
Tr
[
/p+ /ℓ
p2 − ℓ2 (2p − k1)µγν
(/p+ /ℓ − /k1)
(p− k1)2 − ℓ2
× (2p − 2k1 − k2)µ′γν′
(/p− /ℓ)
/p+ /ℓ − /q
γ5
2
]
,
T˜µνµ′ν′(k1, k2) = − 1
256
∫
d4p
(2π)4
∫
dn−4ℓ
(2π)n−4
Tr
[
/p+ /ℓ
p2 − ℓ2 (2p − k1)µγν
(/p+ /ℓ − /k1)
(p− k1)2 − ℓ2
× (2p − 2k1 − k2)µ′γν′
/ℓ
/p+ /ℓ − /q
γ5
]
. (198)
We detail the computation of each contribution T (1), T (2) and T˜ in the following lines.
A.1 T
(1)
µνµ′ν′(k1, k2)
The contribution T (1) can be expressed as
T
(1)
µνµ′ν′(k1, k2) = −
1
256
∫
d4p
(2π)4
∫
dn−4ℓ
(2π)n−4
(2p − k1)µ(2p− 2k1 − k2)µ′
2(p2 − ℓ2) [(p− k1)2 − ℓ2]
× Tr [(/p+ /ℓ)γν(/p+ /ℓ − /k1)γν′γ5]︸ ︷︷ ︸
4ipαkβ
1
ǫανβν′
. (199)
Employing the Feynman parametrization, expression (199) is written as
T
(1)
µνµ′ν′(k1, k2) (200)
= − i
128
∫
d4p
(2π)4
∫
dn−4ℓ
(2π)n−4
∫ 1
0
dx
(2p − k1)µ(2p − 2k1 − k2)µ′
{[(p− k1)2 − ℓ2]x+ (1− x)(p2 − ℓ2)}2
pαkβ1 ǫανβν′ .
Performing the shift p → p + xk1 and taking into account that just even powers of p in the
numerator will result on non-vanishing contributions to T (1), one obtains
T
(1)
µνµ′ν′(k1, k2) (201)
=
i
128
∫ 1
0
dx
∫
dn−4ℓ
(2π)n−4
∫
d4p
(2π)4
2pµ′(1− 2x)k1µ + 2pµ [2(1− x)k1 + k2]µ[
p2 + x(1− x)k21 − ℓ2
]2 pαkβ1 ǫανβν′ .
Making use of Lorentz symmetry, one can make the following replacement,
pµpν −→ 1
4
ηµνp2 , (202)
which gives rise to
T
(1)
µνµ′ν′(k1, k2) (203)
=
i
256
∫ 1
0
dx
∫
dn−4ℓ
(2π)n−4
∫
d4p
(2π)4
δαµ′(1− 2x)k1µ + δαµ [2(1 − x)k1 + k2]µ′[
p2 + x(1− x)k21 − ℓ2
]2 p2kβ1 ǫανβν′ .
After taking into account the contraction of the Kronecker deltas with the ǫ-tensor and imposing
the symmetrization of (µ ↔ ν) and (µ′ ↔ ν ′) one immediately sees that the contribution from
T (1) vanishes.
A.2 T
(2)
µνµ′ν′(k1, k2)
T
(2)
µνµ′ν′(k1, k2) (204)
=
1
256
∫
d4p
(2π)4
∫
dn−4ℓ
(2π)n−4
(2p + k1)µ(2p − k2)µ′
2(p2 − ℓ2) [(p− k2)2 − ℓ2] Tr
[
γν(/p + /ℓ)γν′(/p+ /ℓ − /k2)γ5
]︸ ︷︷ ︸
4ipαkβ
2
ǫναν′β
.
As before, one employs the Feynman parametrization and in very strict analogy, perform the
shift p→ p+ xk2. This renders
T
(2)
µνµ′ν′(k1, k2) (205)
=
i
128
∫ 1
0
dx
∫
dn−4ℓ
(2π)n−4
∫
d4p
(2π)4
(2p + k1 + 2xk2)µ(2p− (1− x)k2)µ′[
p2 − ℓ2 − x(x− 1)k22
]2 pαkβ2 ǫναν′β .
Collecting just the even power of p in the numerator of (205) and applying the relation (202),
one immediately obtains
T
(2)
µνµ′ν′(k1, k2) =
i
256
∫ 1
0
dx
∫
dn−4ℓ
(2π)n−4
∫
d4p
(2π)4
δαµ(x− 1)k2µ′ + δαµ′(k1 + 2xk2)µ[
p2 − ℓ2 − x(x− 1)k22
]2 kβ2 ǫναν′β .
(206)
For the same reasons described in the previous subsection, after symmetrizations, the contribu-
tion from T (2) vanishes.
A.3 T˜µνµ′ν′(k1, k2)
T˜µνµ′ν′(k1, k2) = − 1
256
∫
d4p
(2π)4
∫
dn−4ℓ
(2π)n−4
(2p − k1)µ(2p − 2k1 − k2)µ′
(p2 − ℓ2) [(p − k1)2 − ℓ2] [(p− q)2 − ℓ2]
× Tr [(/p + /ℓ)γν(/p+ /ℓ − /k1)γν′(/p+ /ℓ − /q)/ℓγ5]︸ ︷︷ ︸
4ikα
1
kβ
2
ǫναν′β
. (207)
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The Feynman parametrization leads to
T˜µνµ′ν′(k1, k2) = − i
32
kα1 k
β
2 ǫναν′β
∫
d4p
(2π)4
∫
dn−4ℓ
(2π)n−4
∫ 1
0
dx
×
∫ 1−x
0
dy
(2p − k1)µ(2p − 2k1 − k2)µ′
{[(p− k1)2 − ℓ2] x+ [(p− q)2 − ℓ2] y + (p2 − ℓ2)(1 − x− y)}3
ℓ2 .
(208)
Making the shift p→ p+ xk1 + yq and few algebraic manipulations, eq.(208) becomes
T˜µνµ′ν′(k1, k2) = − i
32
kα1 k
β
2 ǫναν′β
∫ 1
0
dx
∫ 1−x
0
dy
∫
d4p
(2π)4
×
∫
dn−4ℓ
(2π)n−4
(2p + 2xk1 + 2yq − k1)µ(2p + 2xk1 + 2yq − 2k1 − k2)µ′
[p2 − ℓ2 + 2k1 · k2y(1− y − x)]3
ℓ2 .
(209)
Taking the numerator of (209), collecting just those terms which contribute to the trace anomaly
and employing the relation (202), eq.(209) becomes
T˜µνµ′ν′(k1, k2) = − i
32
kα1 k
β
2 ǫναν′β
∫ 1
0
dx
∫ 1−x
0
dy
∫
d4p
(2π)4
×
∫
dn−4ℓ
(2π)n−4
p2ηµµ′ + 4y(x+ y − 1)k1µ′k2µ
[p2 − ℓ2 + 2k1 · k2y(1− y − x)]3
ℓ2 . (210)
To make sense of the integrals present in (210), we make a Wick rotation k0 → ik0E for any
momentum kµ: so, for instance, in the previous integral p2 → −p2E, etc. So (210) is replaced by
T˜µνµ′ν′(k1, k2) =
1
32
kα1 k
β
2 ǫναν′β
∫ 1
0
dx
∫ 1−x
0
dy
∫
d4p
(2π)4
×
∫
dn−4ℓ
(2π)n−4
p2ηµµ′ − 4y(x+ y − 1)k1µ′k2µ
[p2 + ℓ2 + 2k1 · k2y(1− y − x)]3
ℓ2 . (211)
and we dispense from explicitly indicating the Euclidean momenta whenever it is not strictly
necessary. Now the integrals are well-defined and we can use the following results∫
dn−4ℓ
(2π)n−4
ℓ2
[p2 + 2k1 · k2y(1− y − x) + ℓ2]3
=
1
(4π)(n−4)/2
n− 4
4
× 1
[p2 + 2k1 · k2y(1− y − x)]4−
n
2
Γ
(
4− n
2
)
,∫
d4p
(2π)4
1
[p2 + 2k1 · k2y(1− y − x)]4−
n
2
=
1
(4π)2
Γ
(
2− n2
)
Γ
(
4− n2
) ( 1
2k1 · k2y(1− y − x)
)2−n
2
,∫
d4p
(2π)4
p2
[p2 + 2k1 · k2y(1− x− y)]4−
n
2
=
2
(4π)2
Γ
(
1− n2
)
Γ
(
4− n2
) ( 1
2k1 · k2y(1− y − x)
)1−n
2
.
(212)
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Using (212) and performing the integration over the Feynman parameters (x, y) and returning
to the Lorentzian metric, one obtains
T˜µνµ′ν′(k1, k2) =
1
6144π2
kα1 k
β
2 ǫνν′αβ
(
ηµµ′k1 · k2 − k1µ′k2µ
)
. (213)
Of course, as previously mentioned, one should symmetrize expression (213) with respect to
(µ↔ ν) and (µ′ ↔ ν ′). Then, (213) becomes
T˜µνµ′ν′(k1, k2) =
1
6144π2
kα1 k
β
2
(
k1 · k2tµνµ′ν′αβ − t(21)µνµ′ν′αβ
)
, (214)
The tensors t and t(21) have been defined in (34) and (157).
On top of that one should add the contribution from the “cross diagram”, namely, the
contribution coming from the simultaneous exchanges (k1 ↔ k2, µ ↔ µ′, ν ↔ ν ′). Hence, the
sum of (214) with the cross diagram contribution gives rise to
T˜
(tot)
µνµ′ν′(k1, k2) =
1
3072π2
kα1 k
β
2
(
k1 · k2tµνµ′ν′αβ − t(21)µνµ′ν′αβ
)
. (215)
B Derivation of Feynman rules
B.1 Ordinary gravity
Consider a free theory coupled to ordinary gravity. We assume that the action has the expansion
S =
∞∑
n=0
Sn ≡ S0 +
∞∑
n=1
∫ n∏
i=1
dxi
1
n!
δnS
δhµ1ν1(x1) . . . δhµnνn(xn)
∣∣∣∣∣
h=0
hµ1ν1(x1) . . . hµnνn(xn)
= S0 +
∫
dx
δS
δhµν(x)
∣∣∣∣∣
h=0
hµν(x) (216)
+
1
2
∫
dx1dx2
δ2S
δhµ1ν1(x1)δhµ2ν2(x2)
∣∣∣∣∣
h=0
hµ1ν1(x1)hµ2ν2(x2) + . . .
The e.m. tensor is defined as
T µν =
2√
g
δS
δgµν
, Tµν = − 2√
g
δS
δgµν
(217)
In the following we have in mind the free fermion theory in 4d defined by (23), and set gµν =
ηµν + hµν .
We need the expansion√
|g| = 1 + 1
2
(trh) +
1
8
(tr h)2 − 1
4
(trh2)− 1
8
(trh)(tr h2) +
1
48
(trh)3 +
1
6
(trh3) + . . .
≡
∑
n=0
On(h) (218)
1√
g
= 1− 1
2
(trh) +
1
8
(tr h)2 +
1
4
(trh2)− 1
8
(trh)(tr h2)− 1
48
(trh)3 − 1
6
(trh3) + . . .
≡
∑
n=0
Oˆn(h) (219)
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where by h is meant the matrix hµν , and O0(h) = 1, O1(h) =
1
2(tr h), . . ., etc. Next we consider
the complete expansion of (23) in powers of h, like (38).
Now, using (217), one can write
T µν(x) =
2√
g
(
δS
δhµν(x)
∣∣∣∣∣
h=0
+
∫
dx2
δ2S
δhµν(x)δhµ2ν2(x2)
∣∣∣∣∣
h=0
hµ2ν2(x2)
+
1
2
∫
dx2dx3
δ3S
δhµν(x)δhµ2ν2(x2)δhµ3ν3(x3)
∣∣∣∣∣
h=0
hµ2ν2(x2)hµ3ν3(x3) + . . .
)
≡ T µν(0)(x) + T
µν
(1)(x) + . . . (220)
which implies
T µν
(n)
(x) =
n∑
m=0
Oˆn−m(h(x))
2
m!
(221)
·
∫ m∏
i=1
dxi
δm+1S
δhµν(x)δhµ1ν1(x1) . . . δhµmνm(xm)
∣∣∣∣∣
h=0
hµ1ν1(x1) . . . hµmνm(xm)
So we can rewrite
Sn =
1
2n
∫
dx
(
n∑
m=1
On−m(h(x))T
µν
(m−1)(x)
)
hµν(x) (222)
For instance
S1 =
1
2
∫
dxT µν(0)(x)hµν(x), (223)
S2 =
1
4
∫
dx
(
T µν(1)(x) +
1
2
(trh(x))T µν(0)(x)
)
hµν(x), (224)
S3 =
1
6
∫
dx
(
T µν(2)(x) +
1
2
(trh(x))T µν(1)(x) +
1
8
(
(tr h(x))2 − 2(trh2(x))) T µν(0)(x)) hµν(x)
(225)
and
T µν(0)(x) = 2
δS
δhµν(x)
∣∣∣∣∣
h=0
(226)
T µν(1)(x) = −(trh(x))
δS
δhµν (x)
∣∣∣∣∣
h=0
+ 2
∫
dx1
δ2S
δhµν(x)δhµ1ν1(x1)
∣∣∣∣∣
h=0
hµ1ν1(x1) (227)
T µν(2)(x) =
1
4
(
(trh(x))2 + 2(tr h(x)2)
) δS
δhµν(x)
∣∣∣∣∣
h=0
−(trh(x))
∫
dx1
δ2S
δhµν(x)δhµ1ν1(x1)
∣∣∣∣∣
h=0
hµ1ν1(x1) (228)
+2
∫
dx1dx2
δ3S
δhµν(x)δhµ1ν1(x1)δhµ2ν2(x2)
∣∣∣∣∣
h=0
hµ1ν1(x1)hµ2ν2(x2)
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Remark. Since S =
∫ √|g|L, the derivatives of S in the previous formulas, when applied
to
√
|g|, will produce terms ∼ L which vanish on shell. These are contact terms. They produce
contraction of the Feynman diagrams whereby a fermion internal line drops and the two end-
points collapse to a single one. These are contact terms. They are not the only ones. Other
contact terms are produced by seagull vertices, i.e. vertices with two fermion legs and two or
more graviton legs, by contracting the fermion legs with a propagator, thus forming a fermion
loop.
B.2 One-loop one-point function
Representing by φ the matter fields in the model, the one-loop 1pt function of T µν in the presence
of a metric gµν = ηµν + hµν is
〈〈T µν(x)〉〉 =
∫
DφT µν(x) eiS[φ,h] (229)
=
∫
Dφ
(
T µν(0)(x) + T
µν
(1)(x) + T
µν
(2)(x) + . . .
)
ei(S0+S1+S2+...)
=
∫
Dφ
[(
T µν(0)(x) + T
µν
(1)(x) + T
µν
(2)(x) + . . .
)
ei(S1+S2+...)
]
eiS0
eiS0 has been singled out as the free part of the integration measure. The rest of S (the
interaction) is treated perturbatively.
Rearranging (229) order by order in h:
〈〈T µν(x)〉〉 =
∫
DφT µν(0)(x) eiS0 (230)
+
∫
Dφ
(
iS1 T
µν
(0)(x) + T
µν
(1)(x)
)
eiS0
+
∫
Dφ
(
(iS2 − 1
2
S21)T
µν
(0)(x) + iS1 T
µν
(1)(x) + T
µν
(2)(x)
)
eiS0
+
∫
Dφ
(
(iS3 − S1S2 − i
3!
S31)T
µν
(0)(x) + (iS2 −
1
2
S21)T
µν
(1)(x) + iS1T
µν
(2)(x) + T
µν
(3)(x)
)
eiS0
+ . . .
Next we introduce auxiliary external currents and couple them to the free field in S0. For
instance if the free fields are ψ, ψ¯, we introduce j, j¯ and add a term
〈〈T µν(x)〉〉[j, j¯ ] =
∫
Dψ¯Dψ
(
. . . . . . . . .
)
exp[iS0 + i
∫
(j¯ψ + ψj)]
and set at the end j = j¯ = 0. At this point in
(
. . . . . . . . .
)
one can replace ψ by δ
δj¯
and ψ by − δδj ,
so that the only remaining dependence on ψ and ψ is in the factor exp[iS0+
∫
(j¯ψ+ψj)]. Since
the exponent is a quadratic expression, one can formally integrate over ψ and ψ by completing
the square. This leads to an irrelevant infinite constant times
exp[−i
∫
j¯ P j] (231)
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where P is the inverse of the kinetic differential operator in S0, i. e. the propagator in configu-
ration space. Finally
〈〈T µν(x)〉〉 =
[
T µν(0)(x) exp[−i
∫
j¯ P j] (232)
+
(
iS1 T
µν
(0)(x) + T
µν
(1)(x)
)
exp[−i
∫
j¯ P j]
+
(
(iS2 − 1
2
S21)T
µν
(0)(x) + iS1 T
µν
(1)(x) + T
µν
(2)(x)
)
exp[−i
∫
j¯ P j]
+
(
(iS3 − S1S2 − i
3!
S31)T
µν
(0)(x) + (iS2 −
1
2
S21)T
µν
(1)(x) + iS1T
µν
(2)(x) + T
µν
(3)(x)
)
· exp[−i
∫
j¯ P j]
]∣∣∣
j=j¯=0
+ . . .
where all the ψ,ψ fields in T(n), Sn are understood to be replaced by
δ
δj¯
and − δδj , respectively.
This is the final expression of the 1pt one-loop correlator from which the Feynman rules are
extracted. Eq.(232) is thus rewritten as
〈〈T µν(x)〉〉 = 〈0|T µν(0)(x)|0〉 (233)
+〈0|T
(
iS1 T
µν
(0)
(x) + T µν
(1)
(x)
)
|0〉
+〈0|T
(
(iS2 − 1
2
S21)T
µν
(0)(x) + iS1 T
µν
(1)(x) + T
µν
(2)(x)
)
|0〉,
+〈0|T
(
(iS3 − S1S2 − i
3!
S31)T
µν
(0)(x) + (iS2 −
1
2
S21)T
µν
(1)(x) + iS1T
µν
(2)(x) + T
µν
(3)(x)
)
|0〉
+ . . .
and the time-orderd amplitudes are computed by means of Feynman diagrams.
B.3 MAT background
In this subsection the reference is to the expanded action (137). We rewrite it as
S = S0 +
∑
n+m≥1
1
n!
1
m!
∫ n∏
i=0
m∏
j=0
dxi dyj
δi+jS
δhµ1ν1(x1) . . . δhµiνi(xi)δkλ1ρ1(1) . . . δkλjρj (yj)
∣∣∣∣∣
h,k=0
×hµ1ν1(x1) . . . hµjνj(xj)kλ1ρ1(1) . . . kλjρj (yj)
= S0 +
∫
dx
δS
δhµν(x)
∣∣∣∣∣
h,k=0
hµν(x) +
∫
dy
δS
δkλρ(x)
∣∣∣∣∣
h,k=0
kλρ(y) (234)
+
1
2
∫
dx1dx2
δ2S
δhµ1ν1(x1)δhµ2ν2(x2)
∣∣∣∣∣
h,k=0
hµ1ν1(x1)hµ2ν2(x2) + . . .
≡
∞∑
n,m=0
Sn,m
where S0 ≡ S0,0. As long as we differentiate S from the right it functionally depends on the
axial-complex variable g + γ5f . So the functional derivatives with respect to hµν and kµν have
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to be understood as
δ
δhµν(x)
=
∫
d4x′
δGλρ(x
′)
δhµν(x)
→
δ
δGλρ(x′)
=
→
δ
δGµν(x)
(235)
δ
δkµν(x)
=
∫
d4x′
δGλρ(x
′)
δkµν(x)
→
δ
Gλρ(x′)
= γ5
→
δ
δGµν(x)
(236)
Now, going back to the definitions of T µν and T µν5 , (123), (125) and (126), one can see that, in
the case when
√|G| is absorbed in ψ we can write
T µν(x) = 2
(
δS
δhµν(x)
∣∣∣∣∣
h,k=0
+
∫
dx2
δ2S
δhµν(x)δhµ2ν2(x2)
∣∣∣∣∣
h,k=0
hµ2ν2(x2)
+
∫
dy
δ2S
δhµν(x)δkλρ(y)
∣∣∣∣∣
h,k=0
kλρ(y) + . . .
)
(237)
= T µν(0,0)(x) + T
µν
(1,0)(x) + T
µν
(0,1)(x) + . . .
and
T µν5 (x) = 2
(
δS
δkµν(x)
∣∣∣∣∣
h,k=0
+
∫
dy2
δ2S
δkµν(x)δkµ2ν2(y2)
∣∣∣∣∣
h,k=0
kµ2ν2(y2)
+
∫
dy
δ2S
δkµν(x)δhλρ(y)
∣∣∣∣∣
h,k=0
hλρ(y) + . . .
)
(238)
= T µν5(0,0)(x) + T
µν
5(0,1)(x) + T
µν
5(1,0)(x) + . . .
Therefore
T µν(n,m)(x) =
n∑
i=0
m∑
j=0
2
i!j!
∫ n∏
i=1
m∏
j=1
dxi dyj (239)
× δ
i+j+1S
δhµν(x)δhµ1ν1(x1) . . . δhµiνi(xi)δkλ1ρ1(1) . . . δkλjρj (yj)
∣∣∣∣∣
h,k=0
×hµ1ν1(x1) . . . hµjνj(xj)kλ1ρ1(1) . . . kλjρj (yj)
and
T λρ5(n,m)(x) =
n∑
i=0
m∑
j=0
2
i!j!
∫ n∏
i=1
m∏
j=1
dxi dyj (240)
× δ
i+j+1S
δhµ1ν1(x1) . . . δhµiνi(xi)δkλρ(x)δkλ1ρ1(1) . . . δkλjρj (yj)
∣∣∣∣∣
h,k=0
×hµ1ν1(x1) . . . hµjνj (xj)kλ1ρ1(1) . . . kλjρj (yj)
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So,
Sn,m = cn,m
(
1
2n
n∑
i=0
m∑
j=0
∫
dxT µν(i−1,j)(x)hµν(x) (241)
+
1
2m
n∑
i=0
m∑
j=0
∫
dxT µν5(i,j−1)(x)kµν(x)
)
where cn,m = 1 for either n = 0 or m = 0, cn,m =
1
2 otherwise. For instance
S1,0 =
1
2
∫
dxT µν(0,0)(x)hµν(x) =
∫
dx
δS
δhµν(x)
∣∣∣∣∣
h,k=0
hµν(x) (242)
S0,1 =
1
2
∫
dy T µν5(0,0)(y) kµν(y) =
∫
dy
δS
δkµν(y)
∣∣∣∣∣
h,k=0
kµν(y) (243)
S2,0 =
1
8
∫
dxT µν(1,0)(x)hµν(x), (244)
S0,2 =
1
8
∫
dy T µν5(0,1)(y) kµν(y), (245)
S1,1 =
1
4
∫
dxT µν(0,1)(x)hµν(x) +
1
4
∫
dy T µν5(1,0)(y) kµν(y), (246)
and
T µν(0,0)(x) = 2
δS
δhµν(x)
∣∣∣∣∣
h,k−=0
(247)
T µν(1,0)(x) = 2
∫
dx1
δ2S
δhµν(x)δhµ1ν1(x1)
∣∣∣∣∣
h,k=0
hµ1ν1(x1) (248)
T µν(0,1)(x) = 2
∫
dy
δ2S
δhµν(x)δkλρ(y)
∣∣∣∣∣
h,k=0
kλρ(y) (249)
T µν(2,0)(x) =
∫
dx1dx2
δ3S
δhµν(x)δhµ1ν1(x1)δhµ2ν2(x2)
∣∣∣∣∣
h,k=0
hµ1ν1(x1)hµ2ν2(x2) (250)
T µν(0,2)(x) =
∫
dy1dy2
δ3S
δhµν(x)δkλ1ρ1(1)δkλ2ρ2(y2)
∣∣∣∣∣
h,k=0
kλ1ρ1(1)kλ2ρ2(y2) (251)
T µν(1,1)(x) = 2
∫
dx1dy
δ3S
δhµν(x)δhµ1ν1(x1)δkλρ(y)
∣∣∣∣∣
h,k=0
kµ1ν1(x1)kλρ(y) (252)
labelT11 (253)
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Similarly
T µν5(0,0)(x) = 2
δS
δkµν(x)
∣∣∣∣∣
h,k−=0
(254)
T µν5(1,0)(x) = 2
∫
dx1
δ2S
δkµν(x)δhµ1ν1(x1)
∣∣∣∣∣
h,k=0
hµ1ν1(x1) (255)
T µν5(0,1)(x) = 2
∫
dy
δ2S
δkµν(x)δkλρ(y)
∣∣∣∣∣
h,k=0
kλρ(y) (256)
T µν5(2,0)(x) =
∫
dx1dx2
δ3S
δkµν(x)δhµ1ν1(x1)δhµ2ν2(x2)
∣∣∣∣∣
h,k=0
hµ1ν1(x1)hµ2ν2(x2) (257)
T µν5(0,2)(x) =
∫
dy1dy2
δ3S
δkµν(x)δkλ1ρ1(1)δkλ2ρ2(y2)
∣∣∣∣∣
h,k=0
kλ1ρ1(1)kλ2ρ2(y2) (258)
T µν5(1,1)(x) = 2
∫
dx1dy
δ3S
δkµν(x)δhµ1ν1(x1)δkλρ(y)
∣∣∣∣∣
h,k=0
hµ1ν1(x1)kλρ(y) (259)
The explicit expression of T µν(0,0)(x) and T
µν
5(0,0)(x) are given in eqs.(148,149).
B.4 The one-loop one-point functions
The one-loop one-point functions of T µν and T µν5 are defined in path integral terms as follows.
〈〈Tµν(x)〉〉 =
∫
DφTµν(x) eiS[φ,h] (260)
=
∫
Dφ
[(
Tµν(0,0)(x) + T
µν
(1,0)(x) + T
µν
(0,1)(x) + . . .
)
ei(S10+S01+...)
]
eiS0
where T can be either T or T5. Expanding the exponential:
〈〈Tµν(x)〉〉 =
∫
DφTµν(0,0)(x) eiS0 (261)
+
∫
Dφ
(
iS10 T
µν
(0,0)(x) + T
µν
(1,0)(x)
)
eiS0
+
∫
Dφ
(
iS01 T
µν
(0,0)(x) + T
µν
(0,1)(x)
)
eiS0
+
∫
Dφ
(
(iS20 − 1
2
S210)T
µν
(0,0)(x) + iS10 T
µν
(1,0)(x) + T
µν
(2,0)(x)
)
eiS0
+
∫
Dφ
(
(iS02 − 1
2
S201)T
µν
(0,0)(x) + iS01 T
µν
(0,1)(x) + T
µν
(0,2)(x)
)
eiS0
+
∫
Dφ
(
(iS11 − S01S01)Tµν(0,0)(x) + iS01 T
µν
(1,0)(x) + iS10 T
µν
(0,1)(x) + T
µν
(1,1)(x)
)
eiS0
+ . . .
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Next we introduce auxiliary external currents J and J¯ and couple them to the free field Ψ¯,Ψ
in S0.
〈〈T µν(x)〉〉[J, J¯ ] =
∫
DΨ¯DΨ
(
. . . . . . . . .
)
exp[iS0 + i
∫
(J¯Ψ+ΨJ)]
and set at the end J = J¯ = 0. At this point in
(
. . . . . . . . .
)
one can replace Ψ by δ
δJ¯
and Ψ by
− δδJ , so that the only remaining dependence on Ψ and Ψ is in the factor exp[iS0+
∫
(J¯Ψ+ΨJ)].
Formally integrating over Ψ and Ψ leads to an irrelevant infinite constant times
exp[−i
∫
J¯ P J ] (262)
where P is the inverse of the kinetic differential operator in S0, i. e. the propagator in config-
uration space. The final expression is the same as (261) with eiS0 replaced by exp[−i ∫ j¯ P j],
from which the Feynman rules can be extracted. This is interpreted as
〈〈Tµν(x)〉〉 = 〈0|Tµν(0,0)(x)|0〉 (263)
+〈0|T
(
iS10 T
µν
(0,0)(x) + T
µν
(1,0)(x)
)
|0〉
+〈0|T
(
iS01 T
µν
(0,0)(x) + T
µν
(0,1)(x)
)
|0〉
+〈0|T
(
(iS20 − 1
2
S210)T
µν
(0,0)(x) + iS10 T
µν
(1,0)(x) + T
µν
(2,0)(x)
)
|0〉
+〈0|T
(
(iS02 − 1
2
S201)T
µν
(0,0)(x) + iS01 T
µν
(0,1)(x) + T
µν
(0,2)(x)
)
|0〉
+〈0|Tm
(
(iS11 − S01S01)Tµν(0,0)(x) + iS01Tµν(1,0)(x) + iS10 Tµν(0,1)(x) + Tµν(1,1)(x)
)
|0〉
+ . . .
≡ 〈0|Tµν(0,0)(x)|0〉 (264)
+
∞∑
n+m≥1
1
2n+mn!m!
∫ ∏
i,j,i+j≥1
dxi dyjhµ1ν1(x1) . . . hµiνi(xi)kλ1ρ1(1) . . . kλjρj (yj)
×Tµνµ1ν1...µnνn,λ1ρ1...λmρm(x, x1, . . . , xn,1 , . . . , ym),
The expansion coefficients Tµνµ1ν1...µnνn(x, x1, . . . , xn), where T stands both for T and T5, are
introduced for convenience.
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B.5 Trace Ward indentities
The quantum Ward identities for the Weyl and axial Weyl symmetry are given by (150) and
(151). We need to expand them in series of h and k. With reference to (264) we get
T(0,0)(x) ≡ 〈0|T(0,0)µµ(x)|0〉 = 0 (265)
T(1,0)(x, x1) ≡ T(1,0)µµ1ν1µ (x, x1) + 2δ(x − x1)〈0|T µ1ν1(0,0) (x1)|0〉 = 0 (266)
T(0,1)(x, y1) ≡ T(0,1)µµ1ν1µ (x, y1) + 2δ(x − y1)〈0|T µ1ν15(0,0)(y1)|0〉 = 0 (267)
T(1,1)(x, x1, y1) ≡ T(1,1)µµ1ν1λ1ρ1µ (x, x1, y1) + 2δ(x − x1)T µ1ν1λ1ρ1(0,1) (x1, y1)
+2δ(x− y1)T µ1ν1λ1ρ15(1,0) (x1, y1) = 0 (268)
T(2,0)(x, x1, x2) ≡ T(2,0)µµ1ν1µ2ν2µ (x, x1, x2)
+2(δ(x− x1) + δ(x − x2))T µ1ν1µ2ν2(1,0) (x1, x2) = 0 (269)
T(0,2)(x, y1, y2) ≡ T(0,2)µλ1ρ1λ2ρ2µ (x, y1, y2)
+2(δ(x− y1) + δ(x− y2))T λ1ρ1λ2ρ25(0,1) (y1, y2) = 0 (270)
. . .
and
T5(0,0)(x) ≡ 〈0|T5(0,0)λλ(x)|0〉 = 0 (271)
T5(1,0)(x, x1) ≡ T5(1,0)λµ1ν1λ (x, x1) + 2δ(x − x1)〈0|T µ1ν15(0,0)(x1)|0〉 = 0 (272)
T5(0,1)(x, y1) ≡ T5(0,1)λµ1ν1λ (x, y1) + 2δ(x − y1)〈0|T λ1ρ1(0,0) (y1)|0〉 = 0 (273)
T5(1,1)(x, x1, y1) ≡ T5(1,1)λµ1ν1λ1ρ1λ (x, x1, y1) + 2δ(x − x1)T µ1ν1λ1ρ15(1,0) (x1, y1)
+2δ(x − y1)T µ1ν1λ1ρ1(0,1) (x1, y1) = 0 (274)
T5(2,0)(x, x1, x2) ≡ T5(2,0)λµ1ν1µ2ν2λ (x, x1, x2)
+2(δ(x − x1) + δ(x− x2))T µ1ν1µ2ν2(1,0) (x1, x2) = 0 (275)
T5(0,2)(x, y1, y2) ≡ T5(0,2)λλλ1ρ1λ2ρ2(x, y1, y2)
+2(δ(x − y1) + δ(x − y2))T λ1ρ1λ2ρ2(0,1) (y1, y2) = 0 (276)
. . .
where
T µνµ1ν1(1,0) (x, x1) = i〈0|T T µν(0,0)(x)T µ1ν1(0,0) (x1)|0〉 + 4〈0|
δ2S
δhµν (x)δhµ1ν1(x1)
|0〉 (277)
T µνλ1ρ1(0,1) (x, y1) = i〈0|T T
µν
5(0,0)(x)T
λ1ρ1
(0,0) (y1)|0〉+ 4〈0|
δ2S
δhµν (x)δkλ1ρ1(y1)
|0〉 (278)
and
T µνµ1ν1µ2ν2(2,0) (x, x1, x2) = −〈0|T T µν(0,0)(x)T µ1ν1(0,0) (x1)T µ2ν2(0,0) (x2)|0〉
+4i〈0|T T µ1ν1
(0,0)
(x1)
δ2S
δhµν(x)δhµ2ν2(x2)
|0〉+ 4i〈0|T T µ2ν2
(0,0)
(x2)
δ2S
δhµ1ν1(x1)δhµν(x)
|0〉
+4i〈0|T T µν(0,0)(x)
δ2S
δhµ1ν1(x1)δhµ2ν2(x2)
|0〉+ 8〈0| δ
3S
δhµν (x)δhµ1ν1(x1)hµ2ν2(x2)
|0〉 (279)
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T µνλ1ρ1λ2ρ2(0,2) (x, y1, y2) = −〈0|T T
µν
(0,0)(x)T
λ1ρ1
5(0,0)(1)T
λ2ρ2
5(0,0)(y2)|0〉
+4i〈0|T T λ1ρ15(0,0)(y1)
δ2S
δhµν(x)δkλ2ρ2(y2)
|0〉+ 4i〈0|T T λ2ρ25(0,0)(y2)
δ2S
δkλ1ρ1(y1)δhµν(x)
|0〉
+4i〈0|T T µν(0,0)(x)
δ2S
δkλ1ρ1(y1)δkλ2ρ2(y2)
|0〉+ 8〈0| δ
3S
δhµν (x)δkλ1ρ1(y1)hλ2ρ2(y2)
|0〉 (280)
and
T µνµ1ν1λ1ρ1(1,1) (x, x1, y1) = −〈0|T T µν(0,0)(x)T µ1ν1(0,0) (x1)T λ1ρ15(0,0)(y1)|0〉
+4i〈0|T T λρ15(0,0)(y1)
δ2S
δhµν (x)δhµ1ν1(x1)
|0〉+ 4i〈0|T T µ1ν1(0,0) (x1)
δ2S
δkλ1ρ1(y1)δhµν(x)
|0〉
+4i〈0|T T µν(0,0)(x)
δ2S
δkλ1ρ1(y1)δhµ1ν1(x1)
|0〉+ 8〈0| δ
3S
δhµν (x)δhµ1ν1(x1)kλ1ρ1(y1)
|0〉 (281)
and for the axial tensors
T λρµ1ν15(1,0) (x, x1) = i〈0|T T λρ5(0,0)(x)T µ1ν1(0,0) (x1)|0〉+ 4〈0|
δ2S
δkλρ(x)δhµ1ν1(x1)
|0〉 (282)
T λρλ1ρ15(0,1) (x, y1) = i〈0|T T
λρ
5(0,0)(x)T
λ1ρ1
(0,0) (y1)|0〉 + 4〈0|
δ2S
δkλρ(x)δkλ1ρ1(y1)
|0〉 (283)
T λρµ1ν1λ1ρ15(1,1) (x, x1, y1) = −〈0|T T λρ5(0,0)(x)T µ1ν1(0,0) (x1)T λ1ρ15(0,0)(y1)|0〉
+4i〈0|T T λρ5(0,0)(x)
δ2S
δhµ1ν1(x1)δkλ1ρ1(y1)
|0〉+ 4i〈0|T T µ1ν1(0,0) (x1)
δ2S
δkλ1ρ1(y1)δkλρ(x)
|0〉
+4i〈0|T T λρ5(0,0)(x)
δ2S
δkλ1ρ1(y1)δhµ1ν1(x1)
|0〉+ 8〈0| δ
3S
δhλρ(x)δhµ1ν1(x1)hλ1ρ1(y1)
|0〉 (284)
and
T λρµ1ν1µ2ν25(2,0) (x, x1, x2) = −〈0|T T λρ5(0,0)(x)T µ1ν1(0,0) (x1)T µ2ν2(0,0) (x2)|0〉
+4i〈0|T T µ1ν1(0,0) (x1)
δ2S
δkλρ(x)δhµ2ν2(x2)
|0〉+ 4i〈0|T T µ2ν2(0,0) (x2)
δ2S
δhµ1ν1(x1)δkλρ(x)
|0〉
+4i〈0|T T λρ5(0,0)(x)
δ2S
δhµ1ν1(x1)δhµ2ν2(x2)
|0〉 + 8〈0| δ
3S
δkλρ(x)δhµ1ν1(x1)hµ2ν2(x2)
|0〉
and
T λρλ1ρ1λ2ρ25(0,2) (x, y1, y2) = −〈0|T T
λρ
5(0,0)(x)T
λ1ρ1
5(0,0)(y1)T
λ2ρ2
5(0,0)(y2)|0〉
+4i〈0|T T λ1ρ15(0,0)(y1)
δ2S
δkλρ(x)δkλ2ρ2(y2)
|0〉+ 4i〈0|T T λ2ρ25(0,0)(y2)
δ2S
δkλ1ρ1(y1)δkλρ(x)
|0〉
+4i〈0|T T λρ5(0,0)(x)
δ2S
δkλ1ρ1(y1)δkλ2ρ2(y2)
|0〉+ 4〈0| δ
3S
δkλρ(x)δkλ1ρ1(y1)kλ2ρ2(y2)
|0〉 (285)
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C Samples of Feynman diagram calculations
In this Appendix we give more details on some of the Feynman diagram computed in section 3.
C.1 T(0) two-point function
Let us start from a very simple one, the calculation of 〈0|T T µν(0)(x)T λρ(0)(y)|0〉. In momentum
space there corresponds:
− 1
64
∫
d4p
(2π)4
tr
(
1
/p
(2p + k)µγν
1
/p+ /k
(2p + k)λγρ
1 + γ5
2
+
(
µ↔ ν
λ↔ ρ
))
(286)
whose odd parity part is
− i
36
∫
d4p
(2π)4
(
ǫσντρ
pσkτ (2p + k)
µ(2p+ k)λ
p2(p + k)2
+
(
µ↔ ν
λ↔ ρ
))
(287)
The corresponding regulated expression is
− i
36
∫
d4p
(2π)4
∫
dδℓ
(2π)δ
(
ǫσντρ
pσkτ (2p + k)
µ(2p+ k)λ
(p2 − ℓ2)((p + k)2 − ℓ2) +
(
µ↔ ν
λ↔ ρ
))
(288)
Only the terms quadratic in p in the numerator may survive for symmetry reasons, but for the
same reason they give rise to δµσ and δλσ , which leads to the vanishing of (288). If we contract
(288) with ηµν its vanishing is even more evident.
C.1.1 Terms P − Vffh − P − V ′ffhh and similar
We wish to evaluate the terms contained in 〈0|T T µν(0)(x) δ
2S
δhµ1ν1 (x1)δhµ2ν2(x2)
|0〉. They are diagram
with an incoming graviton line of momentum q and two outgoing ones of momentum k1, k2. The
first is the diagram P − Vffh − P − V ′ffhh, whose odd part is
3
512
∫
d4p
(2π)4
tr
1
/p
(2p− q)µγν 1
/p− /q (2p− q)
µ1γν1ην1ν2 +
 µ↔ νµ1 ↔ ν1
µ2 ↔ ν2

+ (µ1, ν1)↔ (µ2, ν2)
 γ5
2
 (289)
Saturating it with ηµν one gets
3
512
∫
d4p
(2π)4
tr
[((
1
/p
(2/p− /q) 1
/p− /q (2p − q)
µ1γν1ην1ν2 +
(
µ1 ↔ ν1
µ2 ↔ ν2
))
+ (µ1, ν1)↔ (µ2, ν2)
 γ5
2
 (290)
which clearly vanishes because of the γ trace. It follows that also the odd part of the diagram
P − V ′ffh − P − V ′ffhh vanishes.
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The same conclusion holds if in these previous diagrams we replace V ′ffhh with V
′′
ffhh and
V ′′′ffhh.
Proceeding in the same way we can prove that also the odd part of
ηµν〈0|T T µ1ν1(0) (x1)
δ2S
δhµν(x)δhµ2ν2(x2)
|0〉 (291)
vanishes. But there is a simpler way to get rid of the terms containing one T(0) factor and one
second derivative of S and it is to prove that their odd parity part vanishes before taking the
trace.
Let us consider again (289), that is the untraced P − Vffh − P − V ′ffhh. Introducing a
dimensional regulator δ we can rewrite it as
3
1024
∫
d4p
(2π)4
∫
dδℓ
(2π)δ
[
tr
(
/p
p2 − ℓ2γν
/p− /q
(p− q)2 − ℓ2γµ2γ5
)
(2p − q)µ(2p− q)µ1ην1ν2 + . . .
]
(292)
where the dots denote the symmetrizations indicated in (289). Taking the γ trace:
3i
256
∫
d4p
(2π)4
∫
dδℓ
(2π)δ
ǫσντµ2pσqτ
(2p− q)µ(2p − q)µ1ην1ν2
(p2 − ℓ2)((p − q)2 − ℓ2) + . . . (293)
The integrand has two p2 terms in the numerator. They are proportional respectively to
ǫµντµ2qτq
µ1ην1ν2 and ǫµ1ντµ2qτq
µην1ν2 . The first vanishes under the µ ↔ ν symmetrization,
the other under the symmetrization (µ1, ν1)↔ (µ2, ν2).
Next we do the same for the untraced P − Vffh − P − V ′′′ffhh. The relevant integral is
1
128
∫
d4p
(2π)4
tr
[
1
/p
(2p − q)µγν 1
/p− /q (2/p − /q)
γ5
2
(ηµ1ν1ηµ2ν2 − ηµ1ν2ηµ2ν1 − ηµ1µ2ην1ν2)
]
(294)
symmetrized in µ ↔ ν. Writing 2/p − /q = /p + /p − /q and simplifying with the denominators, we
get two terms each with a trace of two γ’s with γ5, which vanishes.
C.1.2 The term P − Vffh − P − V ǫffhh
This term requires a bit more elaboration. The starting point is the integral
i
512
∫
d4p
(2π)4
tr
[
1
/p
(2p − q)µγν 1
/p− /q t
µ1ν1µ2ν2κλ(k1 − k2)λγκ 1 + γ5
2
]
(295)
which has to be symmetrized in µ↔ ν. The odd part is
i
1024
∫
d4p
(2π)4
[
tr
(
1
/p
γν
1
/p− /qγκ
)
(2p − q)µtµ1ν1µ2ν2κλ(k1 − k2)λ + (µ→ ν)
]
(296)
Next we introduce the dimensional regulator and use Lorentz covariance to obtain
i
256
∫
d4p
(2π)4
∫
dδℓ
(2π)δ
1
(p2 − ℓ2)((p − q)2 − ℓ2) × (297)[(
pν(p− q)κ − (p·(p − q) + ℓ2)δνκ + pκ(p − q)ν
)
(2p − q)µtµ1ν1µ2ν2κλ(k1 − k2)λ + (µ→ ν)
]
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Next we introduce a Feynman parameter x, 0 ≤ x ≤ 1 and represent
1
(p2 − ℓ2)((p − q)2 − ℓ2) =
∫ 1
0
dx
1
((p− xq)2 − ℓ2 + x(1− x)q2)2 ,
then we change variable p→ p′ = p− xq. The result is
i
256
∫
d4p
(2π)4
∫
dδℓ
(2π)δ
∫ 1
0
dx
tµ1ν1µ2ν2κλ(k1 − k2)λ
(p2 − ℓ2 + x(1− x)q2)2
[
1
2
(ηµνqκ + δ
µ
κq
ν + δνκq
µ) p2(2x− 1)
+(2qµqνqκ − qµq2δνκ)x(1− x)(1− 2x) −
3
2
qµp2δνκ(2x− 1)− ℓ2qµδνκ(2x− 1)
]
(298)
which must be symmetrized under µ↔ ν. All the terms vanish because of the x integration.
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